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提　纲
Brief introduction to relevant experiments 

Super Tonks-Girardeau gas （stable excited gas-like state）:

bosonic STG gas, fermionic STG gas

Realization of STG gas and repulsively bound state in optical 
lattice
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Experimental realization  of 1D Bose gas

Experimental realization of 1D quantum gas

Perfect model systems
 

for a fundamental 

understanding of 1d quantum systems.

低维量子气体 良好的实验可控性：
可调节维度,相互作
用强度,几何形状等.

好处：易于调控，无杂质，可模拟
强相互作用区的物理问题



Experiment progress on TG gas

T. Kinoshita, et. al, Science, 305, 1125 (2004) 
B. Paredes, et. al,  Nature 429, 277 (2004).
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Confinement of atoms by strongly anisotropic
 

harmonic trap

Quasi-1d: cigar-shape trap 
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Effective 1d Hamiltonian M. Olshanii
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1D Bose gas in tightly confined trap 

相互作用强度可由

 Feshbach 共振调节

c=∞, Tonks-Girardeau gas

trap 
potential

Transverse motion frozen  effective 1D interacting  Bose gas
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N=4

Y. Hao, Y. Zhang, and S. Chen, 
Phys. Rev. A 76, 063601 (2007) 

Y. Hao, Y. Zhang, J.Q. Liang and S. Chen, 
Phys. Rev.  A  73, 063617 (2006)

Evolution from BEC to fermionized Tonks-Girardeau gas

C=0

C=∞

TG

fermion

Exact solution for 1d hard-wall trap
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V=0, Lieb-Liniger model, exactly 
solvable for all c

Elliott H. Lieb
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can be calculated 
exactly from the 
results of  Lieb- 
Liniger model!



Experiment progress on STG gas





This is an excited state, 
instead of ground state!

这是一个新奇的量子气体态！
通常一个稳定的激发态很难在传统的凝

 聚态系统中实现。由于存在耗散，激发

 态会很快衰减到系统的基态。

MC
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1D Bose gas with attractive interaction

C<0

C->-∞, all bosons collapse into a bound state!  

GS: Cluster state



a sketch of possible many-body states of three 
attractively interacting atoms in 1D

http://www.uibk.ac.at/exphys/ultracold/projects/cs3/SuperTonksGirardeau/

spectrum of 2-particle system



1d
STG

GS: bound state
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Different physics across the unitary limit in 3d and 1d: 
spectrum of two-atom system in a trap 

many-body system ? 3d: BEC – BCS crossover



实验上实现STG气体本质上是一个动力学问题。

Step1: realization TG gas with c -> ∞

Step2: sudden swift of interaction from 
c -> ∞

 
to  c -> -∞

Question: how to understand the stable 
STG gas in the strong attractive regime? 
Why not decay into the cluster GS? 

S Chen, L Guan, X Yin, Y Hao, and X-W Guan, Phys. Rev. A 81, 031609(R) (2010)



Bethe ansatz  solution of LL model
Hamiltonian for 1D interacting bosons
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TG gas and Super TG gas
N interacting bosons

Repulsive bosons

Excited attractive bosons
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Ground state:

Super TG gas :

GS for c>0: Real solutions;  GS for c<0: complex solutions 

c → +∞ TG gas 
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K may have complex solutions 

Real solutions 
for c<0 Not be considered  untill very recently!

c → −∞ STG gas 



Bethe  ansatz  and Super TG gas

cL
N

γ =

Super TG gas

TG gas

Free fermions



Transition probabilities from TG to Super TG gas

Quench dynamics
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S Chen, L Guan, X Yin, Y Hao, and X-W Guan, Phys. Rev. A 81, 031609(R) (2010)



Bethe  ansatz  and Super TG gas

In the thermodynamics limit with 
The energy per atom:

, ,N L →∞
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Calculation of the breathing mode of STG gas

The Super TG gas in a 
harmonic trap
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Breathing mode

LDA approximation:
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Calculation of the breathing mode of STG gas

The Super TG gas in a harmonic trap
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Comparison with experimental data 

Breathing mode

S Chen, L Guan, X Yin, Y Hao, and X-W Guan, Phys. Rev. A 81, 031609(R) (2010)



Question: can the STG gas be the 
ground state of some systems? 



Attractive fermions and Super TG gas
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Question: can the Fermi
 

pairs be 
described as an interacting Bose

 
gas?
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Four-body problem solved by 
Moral et al PRL 2004



Attractive fermions vs  Bose  gas
Energy ( )
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S Chen, X-W Guan, X Yin, L Guan, M Batchelor, Phys. Rev. A 81, 031608(R) (2010)



Comparsion with the boson gas 

强吸引相互作用的一维费米气体

 的基态等效地有一个强吸引相互

 作用的一维玻色气体的激发态

 （STG gas）描述。
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D Da a=

2B Fm m=

1D scattering length

S Chen, X-W Guan, X Yin, L Guan, M Batchelor, Phys. Rev. A 81, 031608(R) (2010)

GS of attractive fermions sTG phase of attractive  bosons
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V(x)=0, Yang model (integrable)

2-component Fermi gas in tightly confined optical trap 

S-wave scattering between 
atoms with different spins

c=+∞, 任意V(x), Fermi TG gas

trap 
potential

Transverse motion frozen  effective 1D interacting  quantum mixture (FF)

L Guan, S Chen, Y Wang and Z Q Ma, 
Phys. Rev. Lett, 102 160402 (2009) 

V(x)=0, c= - ∞, bosonic STG gas of fermion-pairs

c -> - ∞, Fermi STG gas ?
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Step1: realization Fermi TG gas with c -> ∞

Step2: sudden swift of interaction from c -> ∞

 

to  c -> -∞

arXiv:1005.0461v3

Fermi STG gas：stable lowest gas-like 
excited state with no pairing for c<0. c<0, GS : 

Fermi pairs



Bethe ansatz  solution of Yang model
Eigenstates take the BA wavefunction

Behte-ansatz equations：

Eigenenergy：



Limit of strong coupling

Behte-ansatz equations reduce to:

with

c -> ∞

c -> -∞

determined by solving:

FTG gas

FSTG gas

C= ∞, ->  distribution of 
polarized Fermi gas 



FTG

FSTG



Unitary limit: 
highly 

degenerate!

N=4,M=2



Transition probabilities from FTG to FSTG gas

In the strong coupling limit



Local two-particle correlation function
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Lowest Breathing mode of Fermi STG gas



U
J

γ =
Tonks realized in 1d optical lattices
B. Paredes, et. al,  Nature 429, 277 (2004).

Preparation of STG gas in optical Lattices

Quenstion 1:  Is the STG gas also in 1d optical lattices?

Bose Hubbard model

Bosons trapped in optical lattices are 
described by:



Observation of repulsively bound atom pairs

Another counter-intuition
example!



Quenstion 2: Can the STG gas and repulsively bound 
state be understood in a same theoretical framework?
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Bose Hubbard Models

0U attractive<

But 2-particle problem of BHM is exact solvable by Bethe-ansatz method!

The BHM is generally not exactly solvable!

GS: real solution

GS: complex solution

Real solutions -> scattering states; complex solutions -> bound states!

1 22(cos cos )E k k= − +



0U repulsive>

Bose Hubbard Models

0U attractive<

2-particle spectrum of Bose Hubbard model



Full spectrum of many-body systems

N=4,L=30,obtained 
by full ED

Dimensition of Hilbert 
spaces:

N>3, no analytically exact solution! But for large c, 
the spectrum can be well described by BA solutions.



Switch interaction from U to -U
Repulsively 
bound state

STG gas

We provide an unified theoretical explanation to two 
seemingly unrelated experiment!



Properties of the lowest gas-like state

0U >

0U <

STG gas in optical lattices



summary

Transition from a Tonks-Girardeau gas to a super-
Tonks-Girardeau gas as an exact many-body dynamics 
problem

Realization of effective super Tonks-Girardeau gases via 
strongly attractive one-dimensional Fermi gases

Fermi STG gas

Preparation of stable excited states in optical lattices



Thank you for your attention!
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