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Motivation

@ Quantum information makes multipartite quantum states becoming
the research subject.

@ The information viewpoint is essential in characterizing the correlation
structure in a multipartite quantum state.
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A typical problem solved by maximal entropy principle

Quantum state estimation
@ How to uncover an unknown state of a qubit ?

@ How much information obtained in the process ?
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Quantum states of a qubit — Bloch sphere
@ A quantum state of a qubit

I+ F-G
P= 7
14r 1—r
= 5 H‘r><+r‘+

e L

with r <1 and (o,) =r

@ Geometric picture — Bloch sphere

z

T — Y

X

o
Duan-Lu Zhou (Institute of PhysicsChinese AProperties and calculations of irreducible mult

=

N

p)



von Neumann entropy of a qubit’s state

5(p) = —Tr(plogyp)
_ _1+rlo 1—|—r_1+r|0 1+r
= H(r)
H(r)
1
0.5
\
0 05 1"

[m] = =
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Equal probability distribution

© An unknown state state of a qubit

frgl p(F)dF /

p1 = NN — A
Tr(frSl p(F)dr) 2
@ Measurement of o, obtain (0,) = zo

p fr§1,z:zo p(F)d7 | + zy0,

11 — N =
r]:‘r(frgl,z:zo p(r)dr) 2
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Maximal entropy principle

© An unknown state state of a qubit

p1 = argmax,<1 5(p(7))

@ Measurement of o, obtain (0,) = z

P11 = arg maxrgl,z:zos(p(F))

© The information obtained

AS(I — II) = S(p1) — S(pm)
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Basic observations on correlation classification

@ No correlation
p(123) = p(l) ® p(z) ® p(a)

o (8
o No three-party correlation: p(123) = p(12) @ p(3)

2]
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Reducible three-party correlation

Three partite quantum state p(123) = p(bc) @ plde) @ y(f)
with 1 = {a, b},2 = {c,d},3 = {e, f}

00—00
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Classification of measurements

© One-party Hermitian operators
> {0 @12 & 13} 5 pO
> {10 0}2) 210} = p@
> {/(1) ® 12 O£3)} — p3
@ Two-party Hermitian operators
» {0 ® 0P @ 1)} — p(12)
> {10 OJQ) ® 0} — p)
> {0 1P ® 0} — )
© Three-party Hermitian operators
» {0M @ 0P © 0} — p123
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Maximal Entropy Principle

@ Define
Ao(p(123)) {0'(123)|O'(123) e H(123)}
M) = (o0 _ )0 Q) @ 56) _ )
A2(P(123)) _ {0(123)|0_(12) _ 9(12), o(23) — p(23)70_(13) _ P(l3)}
As(p123)) (0(129)|5(123) _ j(123)y

@ Find the state ﬁgn 3 Which satisfies

~(12

Pm 3 — = argmax, azs)ca,, (p(123 )5(0’ 123))

© The irreducible m-party correlation is defined as

Cﬁ(p(lx)) _ 5(,5%23)) _ (~(123))

Pm—-1
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Demonstration of information hierarchy

Information via measurement
(Entropy decreasing)
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Exponential form for states with maximal rank
Theorem

The exponential form of ﬁf,%z“) for a state p(123) with maximal rank

[5%23) = exp Z gk O,-(l) ® O}z) ® O,((3)
No({ijk})=>3—m

where No({ijk}) = do; + doj + dok with O(g") — 1,

Remarks:

© To judge whether a state with maximal rank has the irreducible
three-party or two-party correlation

@ Still difficult to find out ﬁ£,1,23) in general.

© Need careful treatment with the state without maximal rank.
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Corollary
~(123) _ 1(®) 12 13)
O "'=Fad
~(123
~(123
o pg ) _ p(123)

Definitions
@ The degree of the total correlation
S(PV) + S(/) + S(o) - 5(p1).

@ The degree of local information

G(p) = s(7) - SE™)

= logy(chdads) — S(p) — S(p®)) — S(p3)).
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Additivity of irreducible multiparty correlations

Theorem

Cm(p(123) ® 0_(456)) _ Cﬁ(p(ln)) + Cﬂ(0(456))

3-8-8

o
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The uniqueness of ﬁ(123)

m

Theorem

There exists a unique solution of p
rank.

(123)

m

for the state p'%3) with maximal

[m]

&
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A piece of not so good news

A three-qubit state A three-qubit state with

Local operations

without irreducible irreducible three-party
three-party correlations correlations

Remark: Local operations can transform two-party correlations into
irreducible three-party correlations.
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Correlation analysis: typical examples

© C(lassically correlated state

P42 — (|000><000| +[111)(111))

@ GHZ state

Pe) = —(]000) + [111
e Generalized GHZ states

[¥66) = [000) + 5[111)
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Explicit analysis of p(C123)

@ Another form of the state

/’(C123) — é(/(l)/(2)/(3) +zM 72)G) 1) 72) ZzG) 4 7(1)1(2) 7B)y
@ The total correlation

Cr(pe™) = S(p0) + S0 + S0 = S(pe*) =2
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Difficulties

~(123)

The key point is to find j 5

P = argmax(y,,) S(({A})

where

a({\jk}) = p(Cl23>+8(A111X( ) X2 x©3)

Jr)\112X(1)X(2)X(3) 4+ )\3332(1)2(2)2(3))

Difficulties:
@ Semi-positivity of o({\ji}) is a complex condition.

Q p(123) without maximal rank, can not be written as an exponential
form.
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Basic idea of continuity approach
The multi-particle state without maximal rank can always be regarded as
the limit of the multi-particle states with maximal rank.

Application to the state p(m)
© Construct a state with exponential form

A3 = exp (n L AZMWZ@6) 4 A 7(D)@) Z(3>)

@ Another form of the state

PN = l(l—i—tanh AZMZ@ B 4 tanh xzM ) ZG)
8
+ tanh? AI(1)2(2)2(3)>
© The limit 5] 5659
/\ET Py (N) =hes
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The correlation structure in the state p(C123)

° p(cl23) does not have irreducible three-party correlation.

0/1\9

@ The degree of the total correlation in p(C123) is 2 bits.
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The correlation structure in the state p(123)

@ The degree of the total correlation in p(g%) is 3 bits.
@ The degree of irreducible two-party correlation is 2 bits.

@ The degree of irreducible three-party correlation is 1 bit.

Phase uncertainty and irreducible three-party correlation
Two-party measurement can not get the information about ¢

[¥6(9)) = —=(|000) + e'?|111))

7
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The correlation structure in the state p(Glés)

@ The degree of the total correlation in p(GI?) is 3 x H(|a|?) bits.

@ The degree of irreducible two-party correlation is 2 x H(|a|?) bits.

@ The degree of irreducible three-party correlation is H(|a|?) bit.

The function

H(p) = —plog, p — (1 — p) logy(1 — p)
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Our numerical algorithm on calculation of pgm (N

@ Construct a series of state

1(1)1(2)(3)

P12 (po) = po—g — +(1- po)pt?)

@ Optimization parameters

~(123)( )= exp(H2({A(po)}))
2 Trexp(H2({A(Po)}))

with

Ha({A(p0)})) = Aoo1(po)/ DTAXEG) . 1 A300(po) 2D 1 B)
_|_)\011(p0)/(1)x( )X(3) 4ot )\330(p0)z(1)z(2),(3)
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Our numerical algorithm on calculation of ﬁgl23) (11

@ The conditions to determine Ajjx(po)

Te(1D@XO2 (pg)) = Tr(1W 1@ X382 ()

Te(zW@B)5 (123 (po)) = TI‘(Z(l)1(2)/(3)p§123)(p0))
Tr(/W XX (123 (po)) = Tr(/WXxAxE) 12 (50

Tr(Z(l)Z(z) ( ~(123 (Po)) _ T‘I‘(Z(l)z(2)/(3)pg123)(P0))

@ The initial parameters Ajjx(po) via continuity principle
>p0(k):1—% k€{0,1,~-,n}
> initial Aji(k + 1) = final A (k)
> )\,‘jk(O) =0
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Three key elements in numerical algorithm

© A state with non-maximal rank is regarded as the limit of a series of
state with maximal rank

@ The exponential form is taken to ensure the positivity of a quantum
state.

© Continuity principle is used to give the initial trying parameters.
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Numerical result (1)

Figure: The degrees of irreducible multiparty correlations for the 4-qubit GHZ
state [GHZq) = L (I, ©[0); + [To, @[1)).
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Numerical result (I1)

o 02 04 o Tos 1

Figure: The degrees of irreducible multiparty correlations for the four-qubit
Smolin state pgﬂl =

%(/(1)/(2)/(3)/(4) L+ XM x@xC) x@ L yMy@yBy® 1 z(1)2(2)z(3)z(4))_
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Numerical result (1)
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Figure: The degrees of irreducible multiparty correlations of the 5-qubit W state
5 i) TT5
|Ws) = \/Lg Zi:l X0 Hj:l ®|O>j'
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Summary

© The maximal entropy principle is regarded as a principle to estimate a
state via partial information.

@ The formal definitions of the degree of irreducible k-particle
correlations in an n-particle state are introduced, which gives a
classification and quantification of multiparty correlations.

© Four properties of irreducible multi-particle correlation are reviewed.

© Adopting the continuity principle, we develop a method to apply a
theorem to deal with the irreducible multi-particle correlations in the
multi-particle states without maximal rank.

© We successfully obtained the degrees of irreducible k-particle
correlations in the n-qubit stabilizer states and the n-qubit generalized
GHZ states.

© We develop a numerical algorithm to calculate the degrees of
irreducible multiparty correlations for quantum states up to five
qubits.
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Thanks for your attention!

Duan-Lu Zhou (Institute of PhysicsChinese AProperties and calculations of irreducible mult



	Motivation
	Introduction to maximal entropy principle
	Concepts of irreducible multiparty correlations
	Properties of irreducible multiparty correlations
	Analytical calculations of irreducible multiparty correlations
	Numerical calculations of irreducible multiparty correlations
	Summary

