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Introduction

Outline

= Recent progress in fermionic superfluidity in Fermi gases with tunable

interactions

= Overview of BCS-BEC crossover and pseudogap phenomena
Theoretical formalism -- Pairing fluctuation theory

= Homogeneous case

m [ocal density approximation in a trap

Comparing theory and experiment — Evidence for noncondensed
pairs and pseudogap in Fermi gases

m Equal spin mixture (Cuprates and Fermi gases)

= Momentum resolved radio-frequency spectroscopy

m Population imbalance

n Probing homogeneous spectral function

Summary

Phys. Rep. 412, 1-88 (2005)
Science 307, 1296 (2005)

Phys. Rev. Lett. 102, 190402 (2009).



Part | Introduction



Breakthroughs in superfluidity

m Discovery of superconductivity, 1911 (Onnes)

m Prediction of Bose-Einstein condensation (1924)
m BCS theory of superconductivity, 1957
m Discovery of superfluid “He, 1972

m High Tc superconductors, 1986 (Bednorz and Muller)
B BEC in dilute gases of alkali atoms (1995)

® Superfluidity in atomic Fermi gases (2003)




What are Trapped Fermi Gases

Most studied: 'K and °Li

Confined in magnetic and optical traps
Atomic number N=10°-10°

Fermi temperature £, ~ 1 pK

Cooled down to T~10-100 nK

Two spin mixtures — spin “up and “down”

Tunable population imbalance
Tunable mass ratio and dimensionality
Optical lattices



Momentum distribution of a BEC
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Superfluidity from weak to strong coupling:
early 2004

Phase Diagram from JILA

Jin et al, PRL 32, 2004

Lines from our collaboration

PRA 73, 041601(R) (2006)




Essence of Fermionic Supetfluidity

Increased attraction
s

BCS-BEC Crossover

fermions BT

Attractive interactions turn fermions into
“ composite bosons” (or Cooper pairs ot

).

These are then driven by statistics to Bose condense.



Remarkable Tuning Capability in Cold Gases
via Feshbach Resonance

Scattering length a a>0
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Remarkable Tuning Capability in Cold Gases
via Feshbach Resonance

Scattering length a a>0
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Crossover under control in cold

Fermi atoms (

Magnetic Field

)
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Crossover under control in cold
Fermi atoms ( )

Molecules of Cooper pairs

fermionic atoms
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BCS-BEC crossover in a nutshell



Zero 1T BCS-BEC crossovetr:
Tuning the attractive interaction

1
m Change of character:
fermionic — Bosonic -

= 0 :
(U, — critical coupling) i \
>
Io 1 \ 2
U/,

® Use ground state BCS-Leggett crossover wave
function: Wy = H(’Uk = ’UkC k)m

Eagles and Leggett



Thermal excitations

B Pairs form without condensation = pseudogap.

B A(T) is natural measure of bosonic degrees of freedom.

Except in BCS

A # ASC Tc#T*

Two types of excitations

* Novel form of superfluidity
* Never seen before, except

possibly in high Tc



m Nozieres Schmitt-Rink (NSR) presented scheme
for computing Tc.

m T.D. Lee, Randeria, Chicago group, Strinati,
Micnas, Haussman --- high Tc applications.



Behaviors of pseudogap



High Tc superconductors:
Tuning parameter: hole doping concentration
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Pseudogap seen in high 7. superconductors!

Pseudogap (normal state gap) is very prominent.

BCS-BEC crossover physics is a possible explanation.
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What Is a pseudogap, anyway?

Density of States (s-wave)
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Extrapolated Pseudogap (Normal) State Below 7'¢

SIN Tunneling d/ /dV characteristics
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Specific Heat
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Theoretical Formalism



Introduction to BCS Theory

Interacting Hamiltonian

BCS __ A ARRPN BN .

Pairing at low T

B Z (Q{Fkﬂiﬁf kT ATpc k(':k) g

g

Separable potential



Grand canonical Hamiltonian — Beyond BCS

H - Z”UNU:Z(EIC_HG)GI(JGI{G

? 1
= k,o

i i
T gkf “q/2+k,1%q/2-k 1% q/2-K % q/24K' 1

BCS keeps only g=0 terms
Population imbalance: 44 # Hy

Fermi gases: Take contact potential U, ¢ ¢ (k, k' =U

Cuprates: Separable potential:



i Can be derived from a

s [Wwo-channel Hamiltonian
H — pN=> (g — ,[L)GLG_{IR}G_ -+ Z(Eg" + v — Qﬁ)qubq
k.o q
+ 2 Uk, kf)“L/Hkn“L/?—k,laqu—k’,J,“q/2+kf;r

QK
.{.
> (909Bheq 2 s g 2411 + 1)
q,

U, +(Q) = U + ¢°Do(Q)

Phys. Rep. 412, 1 (2005)



Closed channel fraction is small -
i Comparison with experiment
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Ohio State workshop 2005 QC and K. Levin, PRL 95, 260406 (2005)



Pairing fluctuation theory -- Physical
Picture

PRL 81, 4708 (1998)

= Pairs can be either condensed or fluctuating.




i Equations of motion

G =[H,G] ~ G, Go
iGo = [H,G5] ~ G,G2,G3

= Factorize G,
= G and G, on equal footing
= > T-matrix approximation
(G,G scheme)
= Condensed and noncondensed pairs do not mix.



G(1-1)
G957 (12:12)

G3P1(123:12'3) =

G*(1;1') = (=i)(Tiwa(¥E(1) .
—i)*(Trba(1)¥(2) 05201 (1)) |
—i)}(Tiba (L)1hp(2)eb (3)1 (3w (2wl (1))



G2P(12:12)) = G(1 —1)G(2 — 2') + L*5(12:1'2))
Gol(l) =G (1) +iV(1 —-1)G(I -17)
Gal(D)G(1=1)=6(1—-1)—iV(1 =T) LT (1T; I'T%)

GoL(1)GSP(12:12) = G(2=2)0(1=1") = G(2=1)5(1 = 2)0us

G121 121F) = G(2—2)GF (11); 1'TF) — 0.3G(2 — 1)GF~(11; 2'1F)
— 00 _pG(2 = TT)GF(11;1"2) + G(1 — TH)L*F(12;1'2")
+0asG(1 = T)G(1 = 2VG(2 = 1) = 0apG(1 = 2) LY 1'1%)
— 0apG(1 =2\ LT (12: 1'T%) +
+00_sG(1-1VG(2-17)G(1 -

LG =1L (12,17
2') + LYP™(121; 12'1%) . (2.8)

(21
2)



Gy (121 12T%) ~ G(2-2)LT (AL U'TH) +G(1-1)G(2 - 2)G(1 - 1)
~ G2 -1NG (1L 12) + G(1 - TT) LT (12;1'2)
~G(1-2)Lr(12:1'1%). 2

—_
D
ot

Gl ()G (12:12) = G2 -2)0(1—1) —iV(1 - 1)GF(121; '21")
= G2-2)51-1)—iV(1-1)[GR2-2)L*(1T;1'T")
+G(1-1)G2-2)G(1-1%) - G2 - 176G (11:1'2)

)
+G(1—THLT(12: 12) — G(1 — 2) LT (12: '1%)] .

GEU )L (12:12) = iV(1 = 1) [G(2 = THGE (1T;1'2) + G(1 — 2) L+ (12; 1'TF)
0 2

http://zimp.zju.edu.cn/~gchen/PhDThesis/Thesis.pdf



Q, K -- 4-momentum

i T-matrix Formalism

s [-matrix

1

l})g:§—|—: 4+

B e B N QTR

_ U ~ A
tpg(Q) o 1+UX(Q) - ?;Q_QQ'l'ﬂJ’pa,ir

= Fermion self-energy:

x(Q) =) Go(Q — K)G(K)
=

1+Ux(0)=0= Hpair
(T < Te)



Self Energy

i Go(—K)

> se(K) =

Ek = €k — M

2
é‘15':1*,1':

Wit Sk Aﬁg = — > tpg(Q)
Q

tpg(Q)
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Self-consistent Equations

. <4+—» BEC condition
14+Ux(0) =0 <«=—=» HUpoir =20

1l —2f(FE ._

1+UY 2]{;( k) _ g B, = /& + A2

k
. Pair density (Boson number)
2 __

Bpg == 2 HQ) A% =A%+ 27,

Q70
S

Trap effect: = 1 — Virap(r)

n=2» G(K)
K N = / d°r n(r)
|




Result to anticipate

e Weak coupling: A,, =0, = BCS.

o Setting Ay, =0 = T, pu(T,)and A,,(T).
o AtT < T, = u(T),As(T),and A, (T).
e AtT'=0 = A,,=0, + Leggett ground state.
o A2 ~ T%2atlowT.



Behavior of gaps vs T

1 —-2f(EL) - How to determine Tc?
1+4+U) om, k= 0
k

B
o

(8]
]
T T

n=2) G(K)
K

Gaps (meV)
[
S

Afy == tpg(Q)
Q

AQ — AQ AQ
sc _I_ Pg AEC --- Fraction of
N2 condensed pairs.

Underlying microscopic theory for this -- PRL 81, 4708 (1998)



Remarks about Nozieres - Schmitt-Rink theory

Pairing fluctuation contribution to
thermodynamic potential: [All G,'s]

Gap equation is given by:

14+ Uxo(0) =0,
Xo(Q) = ZQ Go(K)Go(Q — K)

Number equation:

_ _ 99

Lowest order term in the Dyson
G =Gy + Go2oGo, equation expansion

Yo (K) = ZQ t(Q)Go(Q — K) No pseudogap or self-energy
feedback in gap equation.



Part I11
Superfluidity From a Pseudogapped State

--- Comparing theory and experiment



Phase diagram of a 3D Fermi gas
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Cuprate phase diagram

QC et al, PRL 81, 4708 (1998).
Apply crossover theory to d-wave lattice case

Normal

Attractive coupling constant

BCS:

Pairs localize and Tc vanishes well before BEC.



Cuprate phase diagram

QC et al, PRL 81, 4708 (1998).
Apply crossover theory to d-wave lattice case’

gy (mey)

Energy (meV)
Ener
=

2
Attractive coupling constant

0.03 0.10 6.1 0.15 GD.ZE'I
BCS : Hole RERING

Hufner et al, Rep. Prog. Phys. 71, 062501 (2008)



Atomic Fermi gases



Critical Temperature/Trap Effects

Homogeneous case In trap: use local density approx

0.5

0.3

BEC | 04

0.2F ] 0.3}

T T

0.2F

0.1F
0.1F

0

1/kea
0.8

» Spatial variation of
gap, density

» Will excite fermions at
edge, bosons in middle




Phase Diagram of Ultracold Atoms
Present Theory and JILA Data

PRL 95, 260405 (2005)
Contour plot Theory
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PRA 73, 041601(R) (2006) EqU”lbrlum phase diagram

Use sweep projected temperature to plot effective Tc or
at given superfluid density.



Phase Diagram of Ultracold Atoms
Present Theory and JILA Data

PRL 95, 260405 (2005)

Contour plot

BCS
3y . - TC
—— Ny/N=0.01

QI.O 05 0 -05 10 15
1/(k)

PRA 73, 041601(R) (2006)

Use sweep projected temperature to plot effective Tc or
at given superfluid density.



Uncondensed Pairs Smooth out the Profiles

Phys. Rev. Lett. 94, 060401 (2005)
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Unitary profile Below Tc

Noncondensed pairs Fermions

Data from Duke



Other theoretical predictions

Mean-field calculation: Kink at
superfluid/normal boundary

Chiofalo, Kokkelmans, Milstein, Holland,
PRL 88, 090402 (2002)
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http://arxiv.org/find/cond-mat/1/au:+Chiofalo_M/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Kokkelmans_S/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Milstein_J/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Holland_M/0/1/0/all/0/1

Other theoretlcal predictions (cont’ d)

Perali, Pieri, Pisani, Strinati, PRL 92, 220404 (2004)

n(r) nonmonotonic as a function of r
and T --- unphysical behavior.

00 02 04 06 0.8 1.0 1.2
r'R



http://arxiv.org/find/cond-mat/1/au:+Perali_A/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Pieri_P/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Pisani_L/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Strinati_G/0/1/0/all/0/1

Other theoretical predictions (cont d)

® Hui Hu and Peter Drummond group:

® Add an extra (erroneous) 0OA/ou related term to
number eguation but keep gap equation at mean-field
level.

= Different Tc when approached from above and below.
= Homogeneous case: Chemical potential jump across Tc
= In trap: Density jump at superfluid/normal state boundary

Hu, Liu and Drummond, Europhys. Lett. 74, 574 (2006)



Thermodynamics and pseudogap effects

—— Theory, noninteracting
—— Theory, unitary

unitary

T* appears as temperature where 2 curves meet

Science 307, 1296 (2005)



Thermodynamics and pseudogap effects

m [irst evidence (with experiment) for a superfluid phase
transition

Science 307, 1296 (2005) » Thermodynamic properties of

strongly interacting trapped gases

T/Te=0.27 P g —— Theory, noninteracting
—— Theory, noninteracting l ‘._’_-*;- - Theory, unitary

—— Theory, unitary

¢ Unitary & + unitary




Specific heat

6 . . '
w4l . .
= BCS like jump
O L
. %
W o ’
* — E/E, from fit
L - e 7
e Umtary data
D ! I 1 1 L ! '
0 0.2 0.4 0.6 0.8

I/Te

Many other successful comparison btw our theory and experiment.



How to measure excitation gap?

Use RF spectroscopy --

m Difficult to measure excitation gap in atomic Fermi gases.
= Tiny system
m Charge neutral

m RF spectroscopy is one of the most direct probes.

m Interpretation subject to complications from trap inhomogeneity,
etc., --- Needs theoretical support.



Behavior of 11, in different regimes

Stajic et al, PRA 69, 063610 (2004)



Behavior of DOS in different regimes

-0.05 0 0.05
W/ Ep

- T= ‘1}.-‘-
T=0.75T.

FIG. 3. Fermionic density of states vs energy for the three re-
gimes at three indicated temperatures. Note the difference in the
scales.




Behavior of DOS in different regimes
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Fermionic contributions do not provide clear indication of
superfluidity or phase transition, although they can be used to

- T= ‘1}.-‘-
T=0.75T.

FIG. 3. Fermionic density of states vs energy for the three re-
gimes at three indicated temperatures. Note the difference in the

scales.



What is RF spectroscopy

Atoms 1n hyperfine level 1 and 2 are paired.
Atoms between levels 1 and 3 do not pait.
Using RF field to excite an atom in hyperfine level 2 into level 3.

Extra energy (detuning) needed if atoms in level 2 are paired than if level 2 is
free.



Linear response theory for RF

1-2 superfluid with 2-> 3 transition

H,; = e % / &3z plo + hec.

D(i2n) =Ty G (K)GP) (K + Q)
K

Az(k,w) = 2m0(w — &k + 13 — 4)

1
I(v) = ——Im D"(v + p — pi3)
1
— T or f(w)
i k w=§)—V




Spectral function -- Effects of phase

coherence
Alk,w) = -2ImG(k,w 4+ 1:0),
>o0(K) = Agg )
pg(K) = o + & + 2
N S pg(w+i0T, k) =~ Sy — +iXg
w + & + 1y
DAZ~
Above Tc: A k, — k
o) = P B 2w - 62
Ao 28 (0 + 6

(w+ 6022 — B2 ++2(w? — & — A2 )2

Exists an zeroat wW — —ﬁk



Numerical basis

2 .
Extensive numerical
analysis were done to arrive 1 @
at the expression of £ 20 b 1A b#__
W == = : e
Res <. K +lAlg
Janko, Maly, and Levin, PRB T N ims

56, R11407 (1997). . | ,

Maly, Janko, and Levin, PRB
59, 1354 (1999); Physica C 321,
113 (1999)




What Is a pseudogap?

 Pseudogap becomes “real” upon phase coherence

R LU e e i s T - U oy e oy p ey p s
[ (a) T=T, | | (©) 0.95T, | " (e) 0.87, :
_ ] soF
40 4 40 - -
i 40 N
% 0 i I | : 0 | | : 01— | ' P———
(b) 0.99Tc: @) 0.97, 1200 _ () U.?Tc_:
40 4 40F 4 ¢t
7 1100 -
| \ 1 1 ] | 4 ] ] : | 1 |J \‘\

0 re—— 0 —1
02 0.1 0 01 02 02 01 0 01 02
®

0 1
02 -01 0 01 02

Chen, Kosztin, and Levin, PRB 63, 184519 (2001)



RF Spectroscopy and Pseudogap Effects

C. Chin et al, Science
305, 1128 (2004).

New data at unitarity from Grimm

Signal strength

-- Trap integrated!

Used as evidence of superfluid state, we
pointed out that it may be just pseudogap state.

] s L TP WU B
40840 40845 40850 40855 40860 40865
rf frequency / 2 (kHz)

Pseudogap is evident as 1" > 1, shoulder!




Questions

® Sounds great, BUT

# Detuning NOT proportional to excitation gap
m Trap inhomogeneity

m [.ack of momentum resolution

— detuning depends on k for same A

vo= (& —w)?+ A%+ g —p

> VP4 A% — px A?/2u



Momentum resolved RF probe

Recent exciting experiment
from JILA provides

momentum resolution

WK — free of final state
interactions

Great advance

BUT

i~y
L
=
==
2
0]
c
)]
o
o
5
N
ko
(82
k=
(93]

Still plagued by inhomogeneity

1ssue

JT Stewart, JP Gaebler, DS Jin, Nature 454, 744 (2008)



Momentum resolved RF -- ARPES

* In the absence of |
] ] 2 Q= Q+ (L —3)
Interaction, photon A
energy is fixed at Q, f
indep.ofk. | ° s N o

e NoO real emission
e 3D bulk probe

E, + 1

Q +& -E
”." - ——————
’J'
I
{

I(k,ov)
|Tk|2

- A w)f(w)

w=E,—ov



Energy distribution curves

0.5
Homogeneous “free”
Fermi gas 0.4
Broad peak emerges for ‘E
high k as a result of Fermi > 03
function suppression 3
=02
30
<

Energy determined by
curve fitting at high k
Inaccurate.

o
—

QC and K. Levin, PRL 102, 190402 (2009).

Y=Y 10—k +0) ] (K7270) flw)in

n=0.62,y=0.33, T/T-=0.3



Two branches — Homogeneous case

Population of two branches self-consistently determined — not by hand.

O, = Q)+ (1L —y)

Dispersion

My + €
K>/2m

k/kF

* Unitary, p=0.7, A,;=0.5,
y=0.1, T/T=0.4
Big pseudogap and relatively high T needed.



i}
WIE]

0
WE]

Momentum

a
kikF

Yo = 0.25E% and v = 0.25(7/1,)E*.

resolved RF
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Comparison -- Energy distribution curves

Fermi gas at unitarity in a trap k{! 86+ 0.3 lJm_l

QC and K. Levin, PRL 102, 190402 (2009).
Theory, T/Tc = 1.1 Experiment

k (um)
7.6

— 9.8

—12.0

2

Intensity (arbitrary units)

Alk,0) flw) KR2R°N

[y

L 1 1 1 1 1 1 i 1 | T
-30 -20 -10 0 10 20
Single-particle energy (kHz)

JT Stewart, JP Gaebler, DS Jin, Nature 454, 744 (2008)
2y, v determined by experiment |, = j;x (12.6 + 0.7kHz) and 4 = h X (9.5 + 0.6 kHz)



Intensity map of momentum resolved RF
spectra for trapped Fermi gas at unitarity

JILA data Our theory

Contour plot for Fig. 3b — Spectral function Alk) f(w)

at unitarity and aroun

c
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2r
2
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L
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—

Stewart et al, Nature 454, 744 (2008)  QCand K. Levin, PRL 102, 190402 (2009).



Comparison between theory and experiment

-- Population imbalanced Fermi gases



Population imbalanced superfluidity

Naturally arises in nuclear matter; superconductors in magnetic field
Search for the elusive Fulde-Ferrell-Larkin-Ovchinnikov (FFLO) phase.

Two groups: Rice and MIT



Three Ways to accommodate
polarization

m Breached Pair (Sarma) State

m Phase Separation
= FF1L.O

Experiment T/T-<0.05
p=0.35

Atomic Density (10''/cm®)

Phase Sep.

Rice data

3
2

1
0
-1

-500 0 500
Axial Position (um)




Equation set with population Imbalance

_ - | -2f(Ey)
0=1+Ux(0)=1+U> —— or
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Population imbalanced superfluidity
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Breached pair or Sarma state

Interaction weak

Imbalance high




Population imbalanced superfluidity
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Temperature is essential to include!

* Experimental temperature is never strictly zero.
« Sarma phase only stable at finite T at unitarity and in BCS.

* Experimental profiles of polarized gases change at Tc.
Contrast with unpolarized case.



Homogeneous case — Behavior of Tc

0.3

BEC 1

Unpolarized case o2r
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Phys. Rev. Lett. 97, 090402 (2006) B




Homogeneous phase diagram --
Intermediate temperature superfluid

— M=
— =0

- ()H()A =0 PRI. 97, 090402 (2006)

Phase diagram (at T=0)

lI: Phase separation

I: Fermi gas; III: Sarma SF (BEC regime)
ITA-B: PS+FFLO; IIC-D: Intermediate T SF



®  Yong-il Shin, Christian H. Schunck,
André Schirotzek & Wolfgang
Ketterle, Nature 451, 689-693 (7

Normal February 2008)
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Comparison between theory and experiment

-- population imbalanced Fermi gases in traps



Population imbalance phase diagrams
PRL 98, 110404 (2007)

Unitary: 1 / kra=20

From profiles, MIT reports“highly
correlated T>Tc normal state”

In RF expts., MIT Reports
“Normal State Pairing

bp)

Gap”.

Sarma

Polarized Superfluid

N = Normal

PG = pseudogap

PS = Phase Separation

Solid lines separate different phases.



Comparison with Rice data

Unitary Phase Diagram Theory
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PRL 98, 110404 (2007)



Comparison with Rice data

Rice data Theory
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PRL 98, 110404 (2007)



Comparison with MIT Data at Unitarity
PRL 98, 110404 (2007)
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Comparison with MIT Data at Unitarity
PRL 98, 110404 (2007)

Experiment Theory
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Trap depth roughly proportionalto T, p ~ 0.5 - 0.6.



Temperature Effects and MIT
2D Profiles in the near- BEC

the Ory MIT data

Above Tc

Phys. Rev. A 74,
021602(R) (2006)

cond-mat/0610006

Below Tc

See clear signatures of superfluidity!



Profile at near-BEC for equal spin
mixture

No significant bi-modal distribution

The kink in the deep BEC regime in the
“bimodal” distribution moves in
opposite direction with T.




Temperature Effects and MIT
Profiles in the near- BEC

the Ory MIT data

Above Tc

Phys. Rev. A 74,
021602(R) (2006)

cond-mat/0610006

Below Tc

See clear signatures of superfluidity!



Probing the spectral function of a
homogeneous gas

Momentum resolved rf spectroscopy so far lacks spatial
resolution.

Spectral function A(k,m) is of central importance = Self energy,
interaction, test theories

Need spatial resolution -- Tomography
Need momentum resolution — ARPES
But cannot have both simultaneously
or can wer

No method exists or has been proposed so far !



Gap profiles from BCS to BEC

Equal spin mixture

Very small minority cloud size requires extremely high
imbalance — may not be possible

No unlimited spatial resolution
But will show it is ok



Phase diagram in the presence of

population imbalance
Chien, Chen, He and Levin, PRL 98, 110404 (2007)
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Phase separated minority RF at unitarity for
different imbalances
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Phase separated minority RF from BCS to BEC

R1=0.3R

p=0.7~0.9

Extracted
dispersion
very close
to that at
trap center.




Model independent

Calculated using simple
broadened mean-field
BCS self energy.




Spectral function A(k,m)

m At Fermi level
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Summary

New state of superfluidity: non-condensed pairs present -- pseudogap
effects are evident.

Pseudogap petrsists into the superfluid phase.
Successfully applied to multiple cold atom expts and cuprates

Inclusion of effects of temperature and noncondensed pairs is crucial to
arrive at a meaningful quantitative comparison with experiments.

Lots of potential applications and interest from astrophysics, nuclear
and even particle physics.

BCS-BEC crossover theory is thought to be relevant to high Tc, where
the pairs are small.

Optical lattices — beyond one trap physics
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