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FIGURE 7-1 Two of the profound societal revolutions of the 20th century are combining in the 21st 
century to create a new science with incredible technological implications.

tion that is inconceivable in our macroscopic world. these ideas are not just arcane 
academic curiosities, however, but provide the physical basis for chemistry, semi-
conductor electronics, x rays, and other ubiquitous elements of modern living.

classical information science describes the storage, transmission, and manipu-
lation of information that is encoded as bits—the ones and zeros of the binary 
number system. computers, the internet, and video games are all products of bit-
based information science, and one reason these modern marvels work so well is 
the nearly complete absence of errors or ambiguities. Bit-based information must 
be virtually error-free, or else the exponential growth in complexity and speed of 
computing devices would eventually lead to chaos. thus, the fundamental ambigu-
ity of quantum mechanics and the fundamental certainty of information science 
seem totally at odds.

Quantum information changes all of that. A new scientific and technological 
revolution is emerging in the 21st century out of the new and intimate connection 
between quantum mechanics and information science. the processing of quantum 
information requires a physical system that obeys the laws of quantum mechanics. 
Quantum physics is prevalent in very small, isolated systems such as individual 
atoms and photons. thus, AMo physical systems and techniques have taken the 
major role in the development of quantum information science, just as in the 20th 
century they were in the vanguard of the development of quantum mechanics. 
the new quantum information science promises to be as radical in its effect on 
human society as quantum physics and information science were individually in 
the last century. in the next 10 years, it will be one of the major driving forces in 
AMo physics.

Two of the profound societal revolutions of the 20th century
are combining in the 21st century to create a new science with

incredible technological implications.

Moore’s law

Quantum information:

Quantum computer

Quantum communication

A great technique innovation from basic physical principle
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Feynman’s idea on quantum simulator

Feynman showed that a classical computer would presumably
experience an exponential slowdown when simulating quantum
phenomena, while his hypothetical universal quantum simulator
would not. From R. Feynman, Int. J. Theor. Phys. 21, 467 (1982).

Quantum computer: a device for computation making direct use
of quantum mechanical phenomena, e.g. superposition &
entanglement, to perform operations on data.

Quantum simulator: a quantum system with well controllability
which can be used to emulate some similar but poorly
understood effects in other sophisticated quantum system 1.

The realization of a QC relies firmly on man’s perfect control to
single quantum-state

1
I. Buluta and F. Nori, Science 326, 108 (2009)
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Man’s ability to control single quantum-state
STM moving atom:

òXe�f�3Ni�.þ/¤“IBM”(1990), Xe�fmå1nm

Quantum corral. Electron waves moving in the copper substrate
interact both with a magnetic cobalt atom carefully positioned
at one of the foci of the ellipse and apparently with a “mirage”

of another cobalt atom (that isn’t really there) at the other
focus. From H. C. Manoharan, C. P. Lutz and D. M. Eigler,

Nature 403, 512 (2000).

Cavity QED controls single atom

Cavity QED
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Strong Coupling Limit is reached when g 
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Jaynes-Cummings Hamiltonian
Fabry-Perot cavity and micro-toroidal resonator. From H. J.

Kimble, Nature 453, 1023 (2008)
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Figure 3.2: Vacuum-Rabi Splitting
The double peaked Vacuum-Rabi transmission spectrum due to the ±~g0 splitting
in the energy eigenstates for a single excitation of one intracavity atom. This plot is
for the case of zero cavity detuning, ωc = ωa, where ωc is the resonance of the cavity
and ωa is the atomic resonance. The blue line is the relative transmission of a probe
through the empty cavity as a function of probe detuning ∆ωp = ωp−ωc, where ωp is
the frequency pf the probe. In the empty cavity case, the half-width half-maximum
point occurs for ωp = κ, where κ is the cavity decay rate. The red line is the relative
transmission of a probe through the cavity with a single intracavity atom coupled to
the cavity mode with coupling coefficient g0. The energy splitting is ±~g0, so the
two peaks occur for ∆ωp = ±g0. These plots are made using the parameters of our
system in the weak field limit: the coupling coefficient g0

2π
= 32 MHz, the cavity decay

rate κ
2π

= 4 MHz, and the atomic spontaneous decay rate γ⊥
2π

= 2.61 MHz.

A quantum interface between matter and light

H =
~ω0

2
σz + ~ωa†a + ~g(a†σ− + aσ+).
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Quantum dots spin qubits

The spin of electron in QDs as qubit. From Loss & DiVicenzo,
Phys. Rev. A 57, 120 (1998) .

Energy levels of semeconductor QD

Ion trap captures ions

While we can use laser pulses to
interact with each qubit separately
(and excite a qubit’s electronic, or
internal, degrees of freedom), we can
also use another laser to excite the
trap’s vibrational modes and hence to
interact with all qubits simultaneously.
The latter process can be viewed as
interacting with the qubits’ external
degrees of freedom. The state of a
string of j qubits in the trap is there-
fore explicitly given as

|q1, q2, … qj〉|n〉 . (1)

The first ket, |q1, q2, … qj〉, refers to
the logical qubit states, with qj = � or
�. The second ket, |n〉, refers to the
common-mode vibrational state, and
the value of n, say, 0, 1, 2, …, indi-
cates the number of phonons in the
common mode. (Although the string
of qubits may initially be in another
mode, we will restrict our attention to
the common mode.) Thus, in the state

|q1, q2, … qj〉|0〉 , (2)

the ions are not vibrating because
there are no phonons in the common
mode. In the state

|q1, q2, … qj〉|1〉 , (3)

the common mode contains one
phonon and all the ions are swaying
in unison along the trap axis. 

As mentioned earlier, the common
mode is used as a “bus” that couples
different ions together. To better
understand this coupling, consider
first that the frequency of the transi-
tion between the |�〉 state and the |�〉
state is ω0, and that the common-
mode vibrational frequency ω1 is
much lower than ω0. Similar to the
case of two coupled harmonic oscilla-
tors, the energy spectrum of the ion
exhibits resonances not only at the
“carrier” frequency ω0, but also at the
“sideband” frequencies ω0 ± ω1 (see
Figure 3). The resonance with the
higher frequency is commonly known
as the blue sideband; the one with the
lower frequency, as the red sideband.
For cold ions, the linewidth ∆ω0 of

the carrier transition is very narrow3

and is less than the energy difference
between the carrier and either side-
band. Thus, the sidebands and the car-
rier can be resolved within the cold
ion’s frequency spectrum. 

Now consider, for example, a pro-
cedure used to place two ions in an
entangled state. Assuming that the
ions are initially in the state |��〉|0〉,
if we were to address the first ion 
with a π-pulse from a laser detuned to
the blue sideband of the internal tran-
sition, both the internal and external
states of that ion would be excited.
Because an excitation in the common
mode is felt by both ions, the result
would be the two-qubit state |��〉|1〉.
If, instead, we address the first qubit

Number 27  2002  Los Alamos Science  271

Ion-Trap Quantum Computation

E
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n – 1〉 n〉 n + 1〉

Red Blue
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Common-mode vibrational states  0 –    1   0   0 +    1

(a) Resolved Sideband Structure
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(b) Resonant Transitions

�〉n〉 →�〉n – 1〉 �〉n〉 →�〉n + 1〉
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ω ω ω ω  ω

Figure 3. Vibrational Sideband Spectrum
(a) An ion trap naturally couples an ion’s electronic excitations to its vibrational motion. Each electronic transition at resonant
frequency ω0, known as the carrier frequency, is therefore accompanied by other sideband transitions. We show the two side-
bands closest in frequency to the carrier: the lower-energy red sideband at frequency (ω0 – ω1), and the higher-energy blue side-
band at frequency (ω0 + ω1). A laser with a sufficiently narrow linewidth can interact with the ion via a specific sideband or the
carrier. (b) Interacting with a particular qubit (ion) via a sideband transition will change the qubit’s internal state and simultane-
ously the external state of all the qubits in the trap, either increasing the number of phonons in the common mode by one (exci-
tation on the blue sideband) or decreasing the number by one (excitation on the red sideband).

3 The metastable excited state has a very
long lifetime, which leads to a narrow
linewidth according to Heisenberg’s
uncertainty principle. To take an example
from the Los Alamos experiment, a cal-
cium ion excited to the 32D3/2 state will
decay to the ground state only after an
average delay of about 1 second, which
results in a transition linewidth of about
1 hertz. 

Laser controls the internal states as qubits. From J. I. Cirac
and P. Zoller, PRL 74, 4091 (1995).

H = ~ν(a†a + 1
2

) + ~(ωa − ωl)
σz
2

+

~Ω
2

(σ+e
iη(a+a†) + h.c.)Lamb-Dicke limit−−−−−−−−−−→~ν(a†a +

1
2

) + ~(ωa − ωl)
σz
2

+ ~Ωη(a†σ− + h.c.)
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long lifetime, which leads to a narrow
linewidth according to Heisenberg’s
uncertainty principle. To take an example
from the Los Alamos experiment, a cal-
cium ion excited to the 32D3/2 state will
decay to the ground state only after an
average delay of about 1 second, which
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Figure 3. A schematic plot of the phase diagram of the Bose-Hubbard model. The lobes,
surrounded by the superfluid sea, correspond to the Mott insulator islands with integer filling

factor n̄. The thin solid lines represent the lines of constant, integer density. The dashed lines show
trajectories of a system with fixed, non-integer, filling factor n̄ (0 < ε ≪ 1). The dotted line

presents an example of a trajectory leading to a generic phase transition when the system enters
either Mott, or superfluid phase by changing a total number of atoms.

one can look at the expectation values of some operators at the transition point
of a 1D BH model at n̄ = 1. The ground state wave-function of this system has
presumably pronounced deviations from (16). For instance, one obtaines there that

(i) the nearest neighbor correlation length function 〈b†jbj+1〉 is approximately 0.8

and (ii) the variance of on-site number operator, [〈n2
j〉 − 〈nj〉2]1/2, equals about

0.6 [190]. These quantities significantly differ from the predictions obtained from
the ground state for t/U = 0 (16). Notice also that they attain substantial values
since they are bounded by unity for any t/U .

It is interesting to ask what are the critical points (t/U)c in different dimensions,
and at different filling factors. Here we list the most accurate estimations up to
date for the case n̄ = 1 which has been systematically studied in the past. In
one dimension, the critical point was precisely determined by DMRG analysis:
(t/U)c ≈ 0.29 [191]. In two dimensional system, a recent quantum Monte Carlo
studies estimate the position of the critical point, (t/U)c, to be around 0.061 [192].
In the three dimensional model, the perturbative expansion gives (t/U)c ≈ 0.034
[193]. The locations of the critical points for different small filling factors in different
dimensional lattices were quite accurately calculated in Ref. [193].

• Generic transitions. A quick look at the dotted line in Fig. 3 reveals that the system
can cross the superfluid - Mott insulator phase boundary through trajectories that
do not correspond to a fixed filling factor. In such a case we say that the system
undergoes the generic (density-driven) SF - MI phase transition. This transition
does not belong to the universality class of the XY spin model, thus it is charac-
terized by different critical exponents. In particular, one finds that zν = 1 during
generic transitions in 1D, 2D and 3D systems [30].

Since for this case the number of particles is not conserved, one should add the
term −µ∑i ni to the Hamiltonian (14), and find a ground state with a number
of particles depending on the chemical potential µ. The critical behaviour can be

Phase diagram of Bose-Hubbard model. From M. Lewenstein et
al., Advances in Phys. 56, 243 (2007)
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For large detuning,g/D!1, expansion of Eq.(4) yields
the dispersive spectrum shown in Fig. 1(c). In this situation,
the eigenstates of the one excitation manifold take the form
[15]

u− ,0l , − sg/Ddu↓,0l + u↑,1l, s7d

u+ ,0l , u↓,0l + sg/Ddu↑,1l. s8d

The corresponding decay rates are then simply given by

G− ,0 . sg/Dd2g + k, s9d

G+ ,0 . g + sg/Dd2k. s10d

More insight into the dispersive regime is gained by mak-
ing the unitary transformation

U = expF g

D
sas+ − a†s−dG s11d

and expanding to second order ing (neglecting damping for
the moment) to obtain
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As is clear from this expression, the atom transition is ac
Stark/Lamb shifted bysg2/Ddsn+1/2d. Alternatively, one
can interpret the ac Stark shift as a dispersive shift of the
cavity transition byszg2/D. In other words, the atom pulls
the cavity frequency by ±g2/kD.

III. CIRCUIT IMPLEMENTATION OF CAVITY QED

We now consider the proposed realization of cavity QED
using the superconducing circuits shown in Fig. 2. A 1D
transmission line resonator consisting of a full-wave section
of superconducting coplanar waveguide plays the role of the
cavity and a superconducting qubit plays the role of the
atom. A number of superconducting quantum circuits could
function as artificial atom, but for definiteness we focus here
on the Cooper-pair box[6,16–18].

A. Cavity: Coplanar stripline resonator

An important advantage of this approach is that the zero-
point energy is distributed over a very small effective volume
(<10−5 cubic wavelengths) for our choice of a quasi-one-
dimensional transmission line “cavity.” As shown in Appen-
dix A, this leads to significant rms voltagesVrms

0 ,Î"vr /cL
between the center conductor and the adjacent ground plane
at the antinodal positions, whereL is the resonator length and
c is the capacitance per unit length of the transmission line.
At a resonant frequency of 10 GHzshn /kB,0.5 Kd and for
a 10mm gap between the center conductor and the adjacent
ground plane,Vrms,2 mV corresponding to electric fields
Erms,0.2 V/m, some 100 times larger than achieved in the
3D cavity described in Ref.[3]. Thus, this geometry might
also be useful for coupling to Rydberg atoms[19].

In addition to the small effective volume and the fact that
the on-chip realization of CQED shown in Fig. 2 can be
fabricated with existing lithographic techniques, a
transmission-line resonator geometry offers other practical
advantages over lumpedLC circuits or current-biased large
Josephson junctions. The qubit can be placed within the cav-
ity formed by the transmission line to strongly suppress the
spontaneous emission, in contrast to a lumpedLC circuit,
where without additional special filtering, radiation and para-
sitic resonances may be induced in the wiring[20]. Since the
resonant frequency of the transmission line is determined
primarily by a fixed geometry, its reproducibility and immu-
nity to 1/f noise should be superior to Josephson junction
plasma oscillators. Finally, transmission-line resonances in
coplanar waveguides withQ,106 have already been dem-
onstrated[21,22], suggesting that the internal losses can be
very low. The optimal choice of the resonatorQ in this ap-
proach is strongly dependent on the intrinsic decay rates of
superconducting qubits which, as described below, are pres-
ently unknown, but can be determined with the setup pro-
posed here. Here we assume the conservative case of an
overcoupled resonator with aQ,104, which is preferable for
the first experiments.

B. Artificial atom: The Cooper-pair box

Our choice of “atom,” the Cooper-pair box[6,16], is a
mesoscopic superconducting island. As shown in Fig. 3, the

FIG. 2. (Color online). Schematic layout and equivalent lumped
circuit representation of proposed implementation of cavity QED
using superconducting circuits. The 1D transmission line resonator
consists of a full-wave section of superconducting coplanar wave-
guide, which may be lithographically fabricated using conventional
optical lithography. A Cooper-pair box qubit is placed between the
superconducting lines and is capacitively coupled to the center trace
at a maximum of the voltage standing wave, yielding a strong elec-
tric dipole interaction between the qubit and a single photon in the
cavity. The box consists of two smalls,100 nm3100 nmd Joseph-
son junctions, configured in a,1 mm loop to permit tuning of the
effective Josephson energy by an external fluxFext. Input and out-
put signals are coupled to the resonator, via the capacitive gaps in
the center line, from 50V transmission lines which allow measure-
ments of the amplitude and phase of the cavity transmission, and
the introduction of dc and rf pulses to manipulate the qubit states.
Multiple qubits (not shown) can be similarly placed at different
antinodes of the standing wave to generate entanglement and two-
bit quantum gates across distances of several millimeters.

CAVITY QUANTUM ELECTRODYNAMICS FOR… PHYSICAL REVIEW A 69, 062320(2004)

062320-3

1-d transimission line as resonator and Cooper-pair-box as
qubit. From A. Blais et al., Phys. Rev. A 69, 062320 (2004)

Merits to cavity QED:

1 Scalable: easy fabrication;

2 Strong coupling: large g.

A recent review: J. Q. You and F. Nori,
Nature 474, 589 (2011)
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either Mott, or superfluid phase by changing a total number of atoms.

one can look at the expectation values of some operators at the transition point
of a 1D BH model at n̄ = 1. The ground state wave-function of this system has
presumably pronounced deviations from (16). For instance, one obtaines there that

(i) the nearest neighbor correlation length function 〈b†jbj+1〉 is approximately 0.8

and (ii) the variance of on-site number operator, [〈n2
j〉 − 〈nj〉2]1/2, equals about

0.6 [190]. These quantities significantly differ from the predictions obtained from
the ground state for t/U = 0 (16). Notice also that they attain substantial values
since they are bounded by unity for any t/U .

It is interesting to ask what are the critical points (t/U)c in different dimensions,
and at different filling factors. Here we list the most accurate estimations up to
date for the case n̄ = 1 which has been systematically studied in the past. In
one dimension, the critical point was precisely determined by DMRG analysis:
(t/U)c ≈ 0.29 [191]. In two dimensional system, a recent quantum Monte Carlo
studies estimate the position of the critical point, (t/U)c, to be around 0.061 [192].
In the three dimensional model, the perturbative expansion gives (t/U)c ≈ 0.034
[193]. The locations of the critical points for different small filling factors in different
dimensional lattices were quite accurately calculated in Ref. [193].

• Generic transitions. A quick look at the dotted line in Fig. 3 reveals that the system
can cross the superfluid - Mott insulator phase boundary through trajectories that
do not correspond to a fixed filling factor. In such a case we say that the system
undergoes the generic (density-driven) SF - MI phase transition. This transition
does not belong to the universality class of the XY spin model, thus it is charac-
terized by different critical exponents. In particular, one finds that zν = 1 during
generic transitions in 1D, 2D and 3D systems [30].

Since for this case the number of particles is not conserved, one should add the
term −µ∑i ni to the Hamiltonian (14), and find a ground state with a number
of particles depending on the chemical potential µ. The critical behaviour can be
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Stark/Lamb shifted bysg2/Ddsn+1/2d. Alternatively, one
can interpret the ac Stark shift as a dispersive shift of the
cavity transition byszg2/D. In other words, the atom pulls
the cavity frequency by ±g2/kD.
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We now consider the proposed realization of cavity QED
using the superconducing circuits shown in Fig. 2. A 1D
transmission line resonator consisting of a full-wave section
of superconducting coplanar waveguide plays the role of the
cavity and a superconducting qubit plays the role of the
atom. A number of superconducting quantum circuits could
function as artificial atom, but for definiteness we focus here
on the Cooper-pair box[6,16–18].

A. Cavity: Coplanar stripline resonator

An important advantage of this approach is that the zero-
point energy is distributed over a very small effective volume
(<10−5 cubic wavelengths) for our choice of a quasi-one-
dimensional transmission line “cavity.” As shown in Appen-
dix A, this leads to significant rms voltagesVrms
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a 10mm gap between the center conductor and the adjacent
ground plane,Vrms,2 mV corresponding to electric fields
Erms,0.2 V/m, some 100 times larger than achieved in the
3D cavity described in Ref.[3]. Thus, this geometry might
also be useful for coupling to Rydberg atoms[19].

In addition to the small effective volume and the fact that
the on-chip realization of CQED shown in Fig. 2 can be
fabricated with existing lithographic techniques, a
transmission-line resonator geometry offers other practical
advantages over lumpedLC circuits or current-biased large
Josephson junctions. The qubit can be placed within the cav-
ity formed by the transmission line to strongly suppress the
spontaneous emission, in contrast to a lumpedLC circuit,
where without additional special filtering, radiation and para-
sitic resonances may be induced in the wiring[20]. Since the
resonant frequency of the transmission line is determined
primarily by a fixed geometry, its reproducibility and immu-
nity to 1/f noise should be superior to Josephson junction
plasma oscillators. Finally, transmission-line resonances in
coplanar waveguides withQ,106 have already been dem-
onstrated[21,22], suggesting that the internal losses can be
very low. The optimal choice of the resonatorQ in this ap-
proach is strongly dependent on the intrinsic decay rates of
superconducting qubits which, as described below, are pres-
ently unknown, but can be determined with the setup pro-
posed here. Here we assume the conservative case of an
overcoupled resonator with aQ,104, which is preferable for
the first experiments.

B. Artificial atom: The Cooper-pair box

Our choice of “atom,” the Cooper-pair box[6,16], is a
mesoscopic superconducting island. As shown in Fig. 3, the

FIG. 2. (Color online). Schematic layout and equivalent lumped
circuit representation of proposed implementation of cavity QED
using superconducting circuits. The 1D transmission line resonator
consists of a full-wave section of superconducting coplanar wave-
guide, which may be lithographically fabricated using conventional
optical lithography. A Cooper-pair box qubit is placed between the
superconducting lines and is capacitively coupled to the center trace
at a maximum of the voltage standing wave, yielding a strong elec-
tric dipole interaction between the qubit and a single photon in the
cavity. The box consists of two smalls,100 nm3100 nmd Joseph-
son junctions, configured in a,1 mm loop to permit tuning of the
effective Josephson energy by an external fluxFext. Input and out-
put signals are coupled to the resonator, via the capacitive gaps in
the center line, from 50V transmission lines which allow measure-
ments of the amplitude and phase of the cavity transmission, and
the introduction of dc and rf pulses to manipulate the qubit states.
Multiple qubits (not shown) can be similarly placed at different
antinodes of the standing wave to generate entanglement and two-
bit quantum gates across distances of several millimeters.
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Quantum simulator: Supply some insight to the strongly correlated effects
in CMP

Optical lattice as quantum simulator. From M. Greiner et al.,
Nature 415, 39 (2002)

Cavity array as quantum simulator
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Figure 1 | Set-up of the system. a, Two internal states |A〉i and |B〉i give rise to an effective spin degree of freedom. These states are coupled to a Rydberg
state |R〉i in two-photon resonance, establishing an electromagnetically induced transparency condition. On the other hand, the control atom has two
internal states |0〉c and |1〉c. The state |1〉c can be coherently excited to a Rydberg state |r〉c with Rabi frequency�r, and can be optically pumped into the
state |0〉c for initializing the control qubit. b, For the toric code, the system atoms are located on the links of a two-dimensional square lattice, with the
control qubits in the centre of each plaquette for the interaction Ap and on the sites of the lattice for the interaction Bs. c,d, Set-up required for the
implementation of the colour code (c) and the U(1) lattice gauge theory (d).

computation. It considers a two-dimensional set-up, where the
spins are located on the edges of a square lattice17. The Hamiltonian
H =−E0(

∑
pAp+

∑
sBs) is a sumofmutually commuting stabilizer

operators Ap=
∏

i∈pσ
x
i and Bs=

∏
i∈sσ

z
i , which describe four-body

interactions between spins located around plaquettes (Ap) and
vertices (Bs) of the square lattice (see Fig. 1b). The ground state
of the Hamiltonian is the simultaneous eigenstate of all stabilizer
operators Ap and Bs with eigenvalues +1, and gives rise to a
topological phase: the ground-state degeneracy depends on the
boundary conditions and topology of the set-up, and the elementary
excitations obey anyonic statistics under braiding. The toric code
shows two types of excitation corresponding to −1 eigenstates of
each stabilizerAp (‘magnetic charge’) andBp (‘electric charge’).

A dissipative dynamics that ‘cools’ into the ground-state mani-
fold is provided by a Liouvillianwith quantum jumpoperators,

cp=
1
2
σ z
i

[
1−Ap

]
, cs=

1
2
σ x
j [1−Bs] (1)

with i∈p and j∈ s, which act on four spins located aroundplaquettes
p and vertices s, respectively. The jump operators are readily
understood as operators that ‘pump’ from −1 into +1 eigenstates
of the stabilizer operators: the part (1−Ap)/2 is a projector onto
the eigenspace of Ap with −1 eigenvalue, whereas all states in the
+1 eigenspace are dark states. The subsequent spin flip σ x

j transfers
the excitation to the neighbouring plaquette. The jump operators
then give rise to a random walk of anyonic excitations on the
lattice, and whenever two excitations of the same type meet they
are annihilated, resulting in a cooling process, see Fig. 2. Similar
arguments apply to cs. Efficient cooling is achieved by alternating
the index i of the spin that is flipped.

Our choice of the jump operator follows the idea of reservoir
engineering of interacting many-body systems, as discussed in
refs 18,19. In contrast to alternative schemes for measurement-
based state preparation20, here, the cooling is part of the time
evolution of the system. These ideas can be readily generalized to
more complex stabilizer states and to set-ups in higher dimensions,
as in, for example, the colour code21 (see Fig. 1c). As a final
remark, we would like to mention that the toric code can also be
derived as a perturbative limit of a Hamiltonian with two-body
interactions on a honeycomb lattice22, of which implementations
have been suggested both for cold atoms23 and condensed-
matter systems24. In our approach, the higher-order interactions
arise in a non-perturbative way and the scheme also allows for
dissipative state preparation.

Implementation of a single time step
Wenow turn to the physical implementation of the digital quantum
simulation. The system and auxiliary atoms are stored in a deep
optical lattice or magnetic trap arrays with one atom per lattice site,
where the motion of the atoms is frozen and the remaining degree
of freedom of the system and auxiliary atoms are effective spin-1/2
systems described by the two long-lived ground states |A〉i and |B〉i
and |0〉c and |1〉c, respectively (see Fig. 1a). We first discuss the
elements of the digital quantum simulator for a small local set-up,
and present the extension to the macroscopic lattice system below.
To be specific, we will focus on a single plaquette in the example of
Kitaev’s toric code outlined above.

The implementation of the four-body spin interaction
Ap =

∏
i σ

x
i and the jump operator cp uses an auxiliary qubit

located at the centre of the plaquette (see Fig. 1b). The general

NATURE PHYSICS | VOL 6 | MAY 2010 | www.nature.com/naturephysics 383

Rydberg atoms in optical lattices to simulate spin model.
From H. Weimer et al., Nat. Phys. 6, 382 (2010)

Ion trap as quantum simulator. From J. Chiaverini and W. E.
Lybarger, Jr. (2008)
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a

b

c

d

Figure 1 | Set-up of the system. a, Two internal states |A〉i and |B〉i give rise to an effective spin degree of freedom. These states are coupled to a Rydberg
state |R〉i in two-photon resonance, establishing an electromagnetically induced transparency condition. On the other hand, the control atom has two
internal states |0〉c and |1〉c. The state |1〉c can be coherently excited to a Rydberg state |r〉c with Rabi frequency�r, and can be optically pumped into the
state |0〉c for initializing the control qubit. b, For the toric code, the system atoms are located on the links of a two-dimensional square lattice, with the
control qubits in the centre of each plaquette for the interaction Ap and on the sites of the lattice for the interaction Bs. c,d, Set-up required for the
implementation of the colour code (c) and the U(1) lattice gauge theory (d).

computation. It considers a two-dimensional set-up, where the
spins are located on the edges of a square lattice17. The Hamiltonian
H =−E0(

∑
pAp+

∑
sBs) is a sumofmutually commuting stabilizer

operators Ap=
∏

i∈pσ
x
i and Bs=

∏
i∈sσ

z
i , which describe four-body

interactions between spins located around plaquettes (Ap) and
vertices (Bs) of the square lattice (see Fig. 1b). The ground state
of the Hamiltonian is the simultaneous eigenstate of all stabilizer
operators Ap and Bs with eigenvalues +1, and gives rise to a
topological phase: the ground-state degeneracy depends on the
boundary conditions and topology of the set-up, and the elementary
excitations obey anyonic statistics under braiding. The toric code
shows two types of excitation corresponding to −1 eigenstates of
each stabilizerAp (‘magnetic charge’) andBp (‘electric charge’).

A dissipative dynamics that ‘cools’ into the ground-state mani-
fold is provided by a Liouvillianwith quantum jumpoperators,

cp=
1
2
σ z
i

[
1−Ap

]
, cs=

1
2
σ x
j [1−Bs] (1)

with i∈p and j∈ s, which act on four spins located aroundplaquettes
p and vertices s, respectively. The jump operators are readily
understood as operators that ‘pump’ from −1 into +1 eigenstates
of the stabilizer operators: the part (1−Ap)/2 is a projector onto
the eigenspace of Ap with −1 eigenvalue, whereas all states in the
+1 eigenspace are dark states. The subsequent spin flip σ x

j transfers
the excitation to the neighbouring plaquette. The jump operators
then give rise to a random walk of anyonic excitations on the
lattice, and whenever two excitations of the same type meet they
are annihilated, resulting in a cooling process, see Fig. 2. Similar
arguments apply to cs. Efficient cooling is achieved by alternating
the index i of the spin that is flipped.

Our choice of the jump operator follows the idea of reservoir
engineering of interacting many-body systems, as discussed in
refs 18,19. In contrast to alternative schemes for measurement-
based state preparation20, here, the cooling is part of the time
evolution of the system. These ideas can be readily generalized to
more complex stabilizer states and to set-ups in higher dimensions,
as in, for example, the colour code21 (see Fig. 1c). As a final
remark, we would like to mention that the toric code can also be
derived as a perturbative limit of a Hamiltonian with two-body
interactions on a honeycomb lattice22, of which implementations
have been suggested both for cold atoms23 and condensed-
matter systems24. In our approach, the higher-order interactions
arise in a non-perturbative way and the scheme also allows for
dissipative state preparation.

Implementation of a single time step
Wenow turn to the physical implementation of the digital quantum
simulation. The system and auxiliary atoms are stored in a deep
optical lattice or magnetic trap arrays with one atom per lattice site,
where the motion of the atoms is frozen and the remaining degree
of freedom of the system and auxiliary atoms are effective spin-1/2
systems described by the two long-lived ground states |A〉i and |B〉i
and |0〉c and |1〉c, respectively (see Fig. 1a). We first discuss the
elements of the digital quantum simulator for a small local set-up,
and present the extension to the macroscopic lattice system below.
To be specific, we will focus on a single plaquette in the example of
Kitaev’s toric code outlined above.

The implementation of the four-body spin interaction
Ap =

∏
i σ

x
i and the jump operator cp uses an auxiliary qubit

located at the centre of the plaquette (see Fig. 1b). The general

NATURE PHYSICS | VOL 6 | MAY 2010 | www.nature.com/naturephysics 383

Rydberg atoms in optical lattices to simulate spin model.
From H. Weimer et al., Nat. Phys. 6, 382 (2010)

Ion trap as quantum simulator. From J. Chiaverini and W. E.
Lybarger, Jr. (2008)
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Entanglement

Any state cannot be written as ΨAB = ψA ⊗ ψB or
ρAB =

∑
i piρ

(A)
i ⊗ ρ(B)

i

A basic feature of composite quantum system on that the
observed behavior of one of the subsystems depends on what
happens to the other no matter how far apart they are

Schrödinger’s cat
Nonlocality of quamtum mechanics

A necessary resource for quantum information processing.

Can now be generated in many experimental platforms.
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Decoherence

Ubiquitous phenomenon in quantum world

The reason why quantum behaviors are different to classical one

|Ψ〉 → |00 · · · 0〉
From W. H. Zurek (1991)

Caused by the interaction of the quantum system with its env.

A bottleneck to the realization of QIP
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Description of decoherence: open system method

Main idea
Starting from the unitary dynamics of the whole
system consisting of the system and its env. and
tracing over the DOF of the env., a non-unitary
dynamics of the system can be obtained.

Open system model

Exact dynamics is hard in general;
Born-Markovian approximation, which leads to the EOM of
system, i.e. the master equation

dρ

dt
= L ρ = −i[H, ρ] +

∑

k

γk(2VkρV
†
k − V †k Vkρ− ρV †k Vk)

1 Local in time, convenient for analytic treatment.
2 Semigroup property: Λt+t′ = ΛtΛt′ with Λ = eL t.
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Born-Markovian approximation

Valid in the following conditions

1 The coupling between the system and its env. is weak;
2 The correlation time of the env. is short.

The state of the env. under this appr. is robust.

Neglect the interplay between the system and the env.

Schematic for Born-Markovian dynamics

Env. acts as a sink so that the
energy/information flows irreversibly from the

system to the env..

Schematic for non-Markovian dynamics

Env. coherently interplays with the system:
dynamical backaction

J.-H. An (LZU & NUS) From n-M to QPT in open quantum system Aug 4, 2011 15 / 67



Born-Markovian approximation

Valid in the following conditions
1 The coupling between the system and its env. is weak;

2 The correlation time of the env. is short.

The state of the env. under this appr. is robust.

Neglect the interplay between the system and the env.

Schematic for Born-Markovian dynamics

Env. acts as a sink so that the
energy/information flows irreversibly from the

system to the env..

Schematic for non-Markovian dynamics

Env. coherently interplays with the system:
dynamical backaction

J.-H. An (LZU & NUS) From n-M to QPT in open quantum system Aug 4, 2011 15 / 67



Born-Markovian approximation

Valid in the following conditions
1 The coupling between the system and its env. is weak;
2 The correlation time of the env. is short.

The state of the env. under this appr. is robust.

Neglect the interplay between the system and the env.

Schematic for Born-Markovian dynamics

Env. acts as a sink so that the
energy/information flows irreversibly from the

system to the env..

Schematic for non-Markovian dynamics

Env. coherently interplays with the system:
dynamical backaction

J.-H. An (LZU & NUS) From n-M to QPT in open quantum system Aug 4, 2011 15 / 67



Born-Markovian approximation

Valid in the following conditions
1 The coupling between the system and its env. is weak;
2 The correlation time of the env. is short.

The state of the env. under this appr. is robust.

Neglect the interplay between the system and the env.

Schematic for Born-Markovian dynamics

Env. acts as a sink so that the
energy/information flows irreversibly from the

system to the env..

Schematic for non-Markovian dynamics

Env. coherently interplays with the system:
dynamical backaction

J.-H. An (LZU & NUS) From n-M to QPT in open quantum system Aug 4, 2011 15 / 67



Born-Markovian approximation

Valid in the following conditions
1 The coupling between the system and its env. is weak;
2 The correlation time of the env. is short.

The state of the env. under this appr. is robust.

Neglect the interplay between the system and the env.

Schematic for Born-Markovian dynamics

Env. acts as a sink so that the
energy/information flows irreversibly from the

system to the env..

Schematic for non-Markovian dynamics

Env. coherently interplays with the system:
dynamical backaction

J.-H. An (LZU & NUS) From n-M to QPT in open quantum system Aug 4, 2011 15 / 67



Born-Markovian approximation

Valid in the following conditions
1 The coupling between the system and its env. is weak;
2 The correlation time of the env. is short.

The state of the env. under this appr. is robust.

Neglect the interplay between the system and the env.

Schematic for Born-Markovian dynamics

Env. acts as a sink so that the
energy/information flows irreversibly from the

system to the env..

Schematic for non-Markovian dynamics

Env. coherently interplays with the system:
dynamical backaction

J.-H. An (LZU & NUS) From n-M to QPT in open quantum system Aug 4, 2011 15 / 67



Born-Markovian approximation

Valid in the following conditions
1 The coupling between the system and its env. is weak;
2 The correlation time of the env. is short.

The state of the env. under this appr. is robust.

Neglect the interplay between the system and the env.

Schematic for Born-Markovian dynamics

Env. acts as a sink so that the
energy/information flows irreversibly from the

system to the env..

Schematic for non-Markovian dynamics

Env. coherently interplays with the system:
dynamical backaction

J.-H. An (LZU & NUS) From n-M to QPT in open quantum system Aug 4, 2011 15 / 67



Born-Markovian approximation

Valid in the following conditions
1 The coupling between the system and its env. is weak;
2 The correlation time of the env. is short.

The state of the env. under this appr. is robust.

Neglect the interplay between the system and the env.

Schematic for Born-Markovian dynamics

Env. acts as a sink so that the
energy/information flows irreversibly from the

system to the env..

Schematic for non-Markovian dynamics

Env. coherently interplays with the system:
dynamical backaction

J.-H. An (LZU & NUS) From n-M to QPT in open quantum system Aug 4, 2011 15 / 67



Non-Markovian effect in experiments

Photon correlation from antibunching to bunching of an atom
in a half-cavity. From F. Dubin et al., PRL 98, 183003 (2007).

Structure of Env. changes the property

Power law decay of a driven spin in a spin bath. From
F.H.L. Koppens et al., PRL 99, 106803 (2007)

Spin bath

Driven two-level system in dephaing reservoir. From
D. Mogilevtsev et al., PRL 100, 017401 (2008)

Strong driven system

Nanotube excitions in a phonon bath. From
C. Galland et al., PRL 101, 067402 (2008)

Solid state strongly correlated system at low temperature
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Methods to N-M dynamics

Path-integral method: a method to non-equilibrium dynamics from
effective field theory 2

ρT = e
HTt

i~ ρT(0)e
−HTt

i~ ;

〈ᾱf , z̄f |ρT (t) |α′f , zf 〉 =

∫
dµ(zi)dµ(αi)dµ(z′i)dµ(α′i)

× 〈ᾱf , z̄f ; t|αi,zi; 0〉︸ ︷︷ ︸
Forward propagator

〈ᾱi, z̄i|ρT(0)|α′i,z′i〉︸ ︷︷ ︸
Imaginary-time propagator

× 〈ᾱ′i, z̄′i; 0|α′f ,zf ; t〉︸ ︷︷ ︸
Backward propagator

,

ρ(ᾱf ,α
′
f ; t) =

∫
dµ(αi)dµ(α′i)J(ᾱf ,α

′
f ; t|ᾱi,α′i; 0)ρ(ᾱi,α

′
i; 0)

J(ᾱf ,α
′
f ; t|ᾱi,α′i; 0) =

∫
D2αD2α′ exp{ i

~
(SS [ᾱ,α]− S∗S [ᾱ′,α′])}F [ᾱ,α, ᾱ′,α′],

2
Jun-Hong An and W.-M. Zhang, Phys. Rev. A 76, 042127 (2007); Jun-Hong An, Y. Yeo, C. H. Oh, Annals of Physics

324, 1737 (2009); Jun-Hong An, M. Feng, W.-M. Zhang, Quant. Inf. Comp. 9, 0317 (2009); Jun-Hong An, Y. Yeo, W.-M.
Zhang, C. H. Oh, J. Phys. A: Math. Theor. 42, 015302 (2009).
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Entanglement in B-M decoherence dynamics

From T. Yu & J. Eberly, PRL 93, 140404 (2004)

Local coherence of each qubit losses in an asymptotic way

Entanglement sudden death
(ESD);

ESD is disadvantageous for
QIP.
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Experimental observation of ESD

From M. P. Almeida et al., Science 316, 579 (2007)
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Entanglement in non-Markovian decoherence

From B. Bellomo, R. Lo Franco, G. Compagno,

PRL 99, 160502 (2007)

The lossy cavities act as the env.
with the spectral density

J(ω) =
1

2π

γ0λ
2

(ω − ω0)2 + λ2

1 Markovian regime: γ0 < λ/2

2 Non-Markovian regime:
γ0 > λ/2

Entanglement sudden death
and revival;

Much enhances the entangled
time of the system.
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Experiment observation of ESD and revival

From J.-S. Xu et al., PRL 104, 100502 (2010)

It suggests that the non-Markovian effect may play an active role to
beat the detrimental influence of the env. on entanglement.
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Entanglement preservation in structured env.

Env. with structure: photonic crystal. The radiation field propagating
in it shows photonic band gap structure. Strong non-Markovian effect

From P. Lodahl et al., Nature 430, 654 (2004)

Entanglement of qubits in
structured env.:

From B. Bellomo, et al., PRA 78, 060302(R) (2008)
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Motivation

Whether the entanglement preservation is due to the specific
structure of the env. or certain physical mechanism?

Is the entanglement preservation available for other env. with
different spectral density?
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Outline of part I

1 Introduction
Quantum information science
Man’s ability to control single quantum-state
Entanglement vs decoherence
Entanglement preservation in structured env.
Motivation

2 Mechanism of entanglement preservation
Model
Formation of bound state
Exact decoherence dynamics
Numerical results

3 Conclusions and discussions
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Model

Schematic of the model

Each of the local interacting subsystem:

H = ω0σ+σ− +
∑

k

ωkb
†
kbk +

∑

k

(gkσ+bk + g∗kσ−b
†
k)

A common staring point for such a study
Conserved quantity: N = σ+σ− +

∑
k b
†
kbk

Only zero- and single- excitation sectors are involved
J.-H. An (LZU & NUS) From n-M to QPT in open quantum system Aug 4, 2011 25 / 67



Formation of bound state

The eigen spectrum of the system:

In zero-excitation sector: E0 = 0, |ϕ〉 = |−, {0k}〉;
In single-excitation sector: |ϕE〉 = c0 |+, {0k}〉+

∑
k ck |−, 1k〉,

ω0c0 +
∑

k gkck = Ec0

g∗kc0 + ωkck = Eck

}
⇒y(E) ≡ ω0 −

∫ ∞

0

J(ω)

ω − Edω = E

with J(ω) =
∑

k |gk|2δ(ω − ωk).

Special case:

S
E

S
E

｜+,0〉

｜-,0〉 ｜-,0〉

｜φ1
-〉

｜φ1
+〉

ω0-g

ω0+g

ω0

Dressed states of resonant J-C model: J(ω) = g2δ(ω − ω0)

General case:

I No positive (real) roots!

I Negative (real) root if y(0) < 0:
bound state;

I May have complex roots:
resonant states;
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If the env. is in free space, then gk ∝
√
ωk ⇒ J(ω) = η ω

3

ω2
c
e−ω/ωc .

The local bound state with E < 0 is available if

y(0) = ω0 − 2η
ω3
c

ω2
0

< 0

S
E

S
E

｜+,0〉

｜-,0〉 ｜-,0〉

｜φ1
-〉

｜φ1
+〉

ω0-g

ω0+g

ω0

｜+,{0k}〉

｜-,{0k}〉

ω0

｜φ1
-〉

｜-,{0k}〉

The formatation of bound state for super-Ohmic env.

Stationary state: vanishing
decay rate;

The excited-state population
could be trapped.

Dynamical consequence of the bound state:
Formation of bound state⇒ trapping of the excited-state
population⇒ decoherence suppression ⇒ non-zero residual
entanglement ⇒ Entanglement preservation
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Exact decoherence dynamics

The dynamics of the two-qubit system is governed by

ρ̇(t) =
2∑

n=1

{−iΩ(t)[σn+σ
n
−, ρ(t)] + Γ(t)[2σn−ρ(t)σn+

−σn+σn−ρ(t)− ρ(t)σn+σ
n
−]},

Ω(t) = −Im[ ċ0(t)
c0(t)

], and Γ(t) = −Re[ ċ0(t)
c0(t)

]

ċ0(t) + iω0c0(t) +
∫ t

0
f(t− τ)c0(τ)dτ = 0, c0(0) = 1

Environmental correlation function
f(t− τ) =

∫∞
0
J(ω)e−iω(t−τ)dω.
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Entanglement preservation for super-Ohmic env.

The bound state is available if: ω0 − 2η ω
3
c

ω2
0
< 0

Entanglement preservation for super-Ohmic env.

Asymptotically vanishing decay rate with the
formation of bound state
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Entanglement preservation for PBG env.

The dispersion relation of radiation field in PBG medium is:
ωk = ωc + A(k − k0)2, A ≈ ωc/k

2
0.

The bound state is available when ω0 < ωc.

Entanglement preservation for PBG env. when the bound state
is available

Entanglement preservation for PBG env. when the bound state
is absent
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Entanglement preservation for Lorentzian env.

Entanglement preservation for Lorentzian env. in strong coupling regime

Strong-coupling regime

No bound state: ESD
and revival;

With bound state: EP.

Entanglement preservation for Lorentzian env in weak coupling regime

Weak-coupling regime

No bound state: ESD;

With bound state: EP.
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Mechanism of entanglement preservation

The entanglement preservation is a result of the interplay between
the existence of the bound state and the non-Markovian effect

1 bound state: providing the ability to preserve the entanglement

2 non-Markovian effect: providing a way to preserve the
entanglement
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Where does the lost entanglement of the qubits
go?
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Entanglement sudden birth

j�ti ¼ �j0ic1 j�0ir1 j0ic2 j�0ir2 þ �j�tic1r1 j�tic2r2 : (5)

The two-cavity reduced density matrix reads

�c1c2 ¼
�2 þ�2�4 0 0 ���2

0 �2�2�2 0 0
0 0 �2�2�2 0

���2 0 0 �2�4

0
BBB@

1
CCCA: (6)

This reduced state �c1c2 has the structure of an X matrix

and exhibits ESD for �< � [6,7]. On the other hand, the
reduced reservoir state

�r1r2 ¼
�2 þ �2�4 0 0 ���2

0 �2�2�2 0 0
0 0 �2�2�2 0

���2 0 0 �2�4

0
BBB@

1
CCCA (7)

is also an X state. If �c1c2 is exhibiting ESD, what happens

then with �r1r2? To answer this question, we calculate the

concurrence [18] for �c1c2 , which for the particular state is

CðtÞ ¼ maxf0;�2�g, with � being the negative eigenvalue
of the density matrix partial transpose. For reduced states
�c1c2 and �r1r2 , these negative eigenvalues are given by

�c1c2 ¼ e��t½�2ð1� e��tÞ � j��j�; (8)

�r1r2 ¼ ð1� e��tÞ½�2e��t � j��j�: (9)

Figure 1 shows the evolution of concurrence between the
two cavities (solid line) and the two reservoirs (dashed
line). Despite the fact that the entanglement between the
two cavities suddenly disappears, sudden birth of entan-
glement arises between the two reservoirs. Note that the
entanglement contained initially in the cavity-cavity sub-

system is transferred to the bipartite reservoir system. The
time for which ESD and ESB occur can be calculated from
Eqs. (8) and (9), looking for the time where �c1c2 becomes

positive for ESD and the time for which �r1r2 becomes

negative for ESB,

tESD ¼ � 1

�
ln

�
1� �

�

�
; tESB ¼ 1

�
ln
�

�
: (10)

From these expressions we learn that ESB occurs for �>
�, as is the case for ESD. In other words, the presence of
ESD implies necessarily the apparition of ESB, and con-
sequently, the asymptotic decay of entanglement between
cavities implies an asymptotic birth and growing of entan-
glement between reservoirs.
For the situation in Fig. 1 we have tESB < tESD. However,

as can be easily seen from Eq. (10), when � ¼ 2�, tESB ¼
tESD; that is, ESB and ESD happen simultaneously.
Furthermore, when �> 2�, ESB occurs after ESD.
Although this is clear from Eq. (10), it is not necessarily
intuitive. In fact, this condition yields a timewindowwhere
neither the cavity-cavity nor the reservoir-reservoir sub-
systems have entanglement.
To have an idea of how the entanglement is shared

among the parties, we study the entanglement present in
different partitions. We start considering all bipartite par-
titions of two qubits, namely, c1 � c2, r1 � r2, c1 � r1, and
c1 � r2, as shown in Fig. 2. In particular, for partition c1 �
r1, the concurrence is Cc1r1ðtÞ ¼ 2�2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1� e��tÞe��t
p

. In

the region where there is no entanglement, that is, Cc1c2 ¼
Cr1r2 ¼ 0, entanglement between a cavity and its corre-

sponding reservoir Cc1r1ðtÞ reaches its maximum value.

This fact is independent of the initial probability ampli-
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FIG. 1. Evolution of two-qubit concurrence Cc1c2 (solid line)
and Cr1r2 (dashed line), for the initial state of Eq. (4) with � ¼
1=
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FIG. 2. Evolution of two-qubit concurrence for different par-
titions: Cc1c2 (solid line), Cr1r2 (dashed line), Cc1r1 (dot-dashed

line), and Cc1r2 (dotted line), for the initial state of Eq. (4) with

� ¼ 1=
ffiffiffiffiffiffi
10

p
and � ¼ 3=
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10

p
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PRL 101, 080503 (2008) P HY S I CA L R EV I EW LE T T E R S
week ending

22 AUGUST 2008

080503-2

Entanglement is transferred exclusively from the qubits to the environments. From
C. E. López, et al., PRL 101, 080503 (2008)
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Entanglement distribution in N-M dynamics
3

FIG. 1: Entanglement distributions and their time evolutions
for the case of ω0 < ωc. The parameters used are ω0 = 0.1ωc

and η = 0.2.

FIG. 2: Entanglement distributions and their time evolutions
for the case of ω0 > ωc. The parameters used are ω0 = 10.0ωc

and η = 0.2.

0.3 <∼ α < 1 in the long-time limit. Remarkably, the en-
tanglement in qiri(i = 1, 2) forms quickly in the full range
of α [Fig. 1(c)] and dominates the distribution. On the
contrary, only slight entanglement of r1r2 is formed in
a very narrow parameter regime 0.6 <∼ α < 1, as shown
in Fig. 1(b). However, when ω0 is located at the up-
per band of the PBG medium, the initial entanglement
in q1q2 is transferred completely to the r1r2 in the long-
time limit, as shown in Fig. 2. At the initial stage,
qiri(i = 1, 2) and q1r2(q2r1) are entangled transiently,
but there is no stable entanglement distribution. This
result is consistent with that in Refs. [14, 23, 24]. It

is not difficult to understand these results according to
Eqs. (7)-(10). From these equations, one can clearly
see that the detailed behavior of the entanglement dy-
namics and its distributions in the bipartite partitions
are completely determined by the time-dependent factor
|b(t)|2 of single-qubit excited-state population. Fig. 3
shows its time evolutions for the corresponding parame-
ter regimes presented above. We notice that |b(∞)|2 6= 0
when ω0 is located at the band gap, which means that
there is some excited-state population in the long-time
limit. This phenomenon known as population trapping
[22] is responsible for the suppression of the spontaneous
emission of two-level system in PBG reservoir and has
been experimentally observed [18, 19]. Such population
trapping just manifests the formation of bound states be-
tween qi and ri [13]. Consequently, qi and ri are so cor-
related in the bound states that the initial entanglement
in q1q2 cannot be fully transferred to r1r2. The oscilla-
tion during the evolution is just the manifestation of the
strong non-Markovian effect induced by the reservoirs.
On the contrary, if ω0 is located in the upper band, then
|b(∞)|2 = 0 and the qubits decay completely to their
ground states. In this case the bound states between qi
and ri are absent and the initial entanglement in q1q2 is
completely transferred to the r1r2, as clearly shown in
Eq. (8).
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FIG. 3: Time evolution of time-dependent factor of the
excited-state population for two parameter regimes ω0 =
0.1ωc (solid line) and 10.0ωc (dashed line). η is taken as 0.2.

In addition, in Refs. [14, 23, 24] it was emphasized that
the ESD of q1q2 is always accompanied with the ESB of
r1r2. However, this is not always true. To clarify this, we
examine the condition to obtain the ESD of the qubits
and the companying ESB of the reservoirs. From Eqs. (7)
and (8) it is obvious that the condition is Qq1q2(t) < 0
and Qr1r2(t

′) > 0 at any t and t′, which means

|b(t′)|2 < |α|/
√
1− |α|2 < 1− |b(t)|2 . (14)

In the case without bound states, |b(∞)|2 = 0. The con-
dition (14) can be satisfied when α < 1/

√
2. So one can

always expect the ESD of the qubits and the company-
ing ESB of the reservoirs in the region |α| < 1/

√
2, as

3

FIG. 1: Entanglement distributions and their time evolutions
for the case of ω0 < ωc. The parameters used are ω0 = 0.1ωc

and η = 0.2.

FIG. 2: Entanglement distributions and their time evolutions
for the case of ω0 > ωc. The parameters used are ω0 = 10.0ωc

and η = 0.2.

0.3 <∼ α < 1 in the long-time limit. Remarkably, the en-
tanglement in qiri(i = 1, 2) forms quickly in the full range
of α [Fig. 1(c)] and dominates the distribution. On the
contrary, only slight entanglement of r1r2 is formed in
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in Fig. 1(b). However, when ω0 is located at the up-
per band of the PBG medium, the initial entanglement
in q1q2 is transferred completely to the r1r2 in the long-
time limit, as shown in Fig. 2. At the initial stage,
qiri(i = 1, 2) and q1r2(q2r1) are entangled transiently,
but there is no stable entanglement distribution. This
result is consistent with that in Refs. [14, 23, 24]. It

is not difficult to understand these results according to
Eqs. (7)-(10). From these equations, one can clearly
see that the detailed behavior of the entanglement dy-
namics and its distributions in the bipartite partitions
are completely determined by the time-dependent factor
|b(t)|2 of single-qubit excited-state population. Fig. 3
shows its time evolutions for the corresponding parame-
ter regimes presented above. We notice that |b(∞)|2 6= 0
when ω0 is located at the band gap, which means that
there is some excited-state population in the long-time
limit. This phenomenon known as population trapping
[22] is responsible for the suppression of the spontaneous
emission of two-level system in PBG reservoir and has
been experimentally observed [18, 19]. Such population
trapping just manifests the formation of bound states be-
tween qi and ri [13]. Consequently, qi and ri are so cor-
related in the bound states that the initial entanglement
in q1q2 cannot be fully transferred to r1r2. The oscilla-
tion during the evolution is just the manifestation of the
strong non-Markovian effect induced by the reservoirs.
On the contrary, if ω0 is located in the upper band, then
|b(∞)|2 = 0 and the qubits decay completely to their
ground states. In this case the bound states between qi
and ri are absent and the initial entanglement in q1q2 is
completely transferred to the r1r2, as clearly shown in
Eq. (8).
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0.1ωc (solid line) and 10.0ωc (dashed line). η is taken as 0.2.

In addition, in Refs. [14, 23, 24] it was emphasized that
the ESD of q1q2 is always accompanied with the ESB of
r1r2. However, this is not always true. To clarify this, we
examine the condition to obtain the ESD of the qubits
and the companying ESB of the reservoirs. From Eqs. (7)
and (8) it is obvious that the condition is Qq1q2(t) < 0
and Qr1r2(t

′) > 0 at any t and t′, which means

|b(t′)|2 < |α|/
√
1− |α|2 < 1− |b(t)|2 . (14)

In the case without bound states, |b(∞)|2 = 0. The con-
dition (14) can be satisfied when α < 1/

√
2. So one can

always expect the ESD of the qubits and the company-
ing ESB of the reservoirs in the region |α| < 1/

√
2, as

Entanglement distribution over bipartite subsystems in non-Markovian (left) and Markovian (right) regimes.

Entanglement invariance [Cm = max{0, Qm}]:

Qq1q2 +Qr1r2 + 2|α
β
|Qq1r1 − 2Qq1r2 = 2|αβ|
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Outline of part I

1 Introduction
Quantum information science
Man’s ability to control single quantum-state
Entanglement vs decoherence
Entanglement preservation in structured env.
Motivation

2 Mechanism of entanglement preservation
Model
Formation of bound state
Exact decoherence dynamics
Numerical results

3 Conclusions and discussions

J.-H. An (LZU & NUS) From n-M to QPT in open quantum system Aug 4, 2011 36 / 67



Conclusions and discussions

The entanglement dynamics is investigated from the view of
point of bound state

1 non-Markovian regime, no bound states: entanglement deaths
and revivals;

2 non-Markovian regime, bound states: entanglement persistence;
3 Markovian regime: entanglement death.

The result suggests a control way to beat the effect of
decoherence by modifying the spectrum of the reservoirs to
approach the non-Markovian regime and form bound states.
Reservoir engineering
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Part II

Quantum phase transition in spin-boson model

J.-H. An (LZU & NUS) From n-M to QPT in open quantum system Aug 4, 2011 39 / 67



Outline of part II

4 Introduction
Quantum phase transition (QPT)
Conventional QPT in spin-boson model: delocalized-localized
Coherence-incoherence transition

5 Novel QPT in the delocalized regime of SBM
Ground state of SBM
Phase diagram of SBM
Dynamical consequences of QPT

6 Conclusions and discussions

J.-H. An (LZU & NUS) From n-M to QPT in open quantum system Aug 4, 2011 40 / 67



Phase transition

Phase transition (PT): System driven by control parameters
changes from one state of matter to another

The classification of PT:

1 CPT: Thermodynamic or structure PT induced by changing
temperature relevant parameters

2 QPT: Abrupt change of the ground state of a zero-T quantum
system. No thermodynamic structure

What causes the PT?

1 CPT: Structure symmetry broken by thermal fluctuations
2 QPT: Dynamic symmetry broken by quantum fluctuations
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Examples of PT

CPT

QPT

21
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MI: n=3
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Figure 3. A schematic plot of the phase diagram of the Bose-Hubbard model. The lobes,
surrounded by the superfluid sea, correspond to the Mott insulator islands with integer filling

factor n̄. The thin solid lines represent the lines of constant, integer density. The dashed lines show
trajectories of a system with fixed, non-integer, filling factor n̄ (0 < ε ≪ 1). The dotted line

presents an example of a trajectory leading to a generic phase transition when the system enters
either Mott, or superfluid phase by changing a total number of atoms.

one can look at the expectation values of some operators at the transition point
of a 1D BH model at n̄ = 1. The ground state wave-function of this system has
presumably pronounced deviations from (16). For instance, one obtaines there that

(i) the nearest neighbor correlation length function 〈b†jbj+1〉 is approximately 0.8

and (ii) the variance of on-site number operator, [〈n2
j〉 − 〈nj〉2]1/2, equals about

0.6 [190]. These quantities significantly differ from the predictions obtained from
the ground state for t/U = 0 (16). Notice also that they attain substantial values
since they are bounded by unity for any t/U .

It is interesting to ask what are the critical points (t/U)c in different dimensions,
and at different filling factors. Here we list the most accurate estimations up to
date for the case n̄ = 1 which has been systematically studied in the past. In
one dimension, the critical point was precisely determined by DMRG analysis:
(t/U)c ≈ 0.29 [191]. In two dimensional system, a recent quantum Monte Carlo
studies estimate the position of the critical point, (t/U)c, to be around 0.061 [192].
In the three dimensional model, the perturbative expansion gives (t/U)c ≈ 0.034
[193]. The locations of the critical points for different small filling factors in different
dimensional lattices were quite accurately calculated in Ref. [193].

• Generic transitions. A quick look at the dotted line in Fig. 3 reveals that the system
can cross the superfluid - Mott insulator phase boundary through trajectories that
do not correspond to a fixed filling factor. In such a case we say that the system
undergoes the generic (density-driven) SF - MI phase transition. This transition
does not belong to the universality class of the XY spin model, thus it is charac-
terized by different critical exponents. In particular, one finds that zν = 1 during
generic transitions in 1D, 2D and 3D systems [30].

Since for this case the number of particles is not conserved, one should add the
term −µ∑i ni to the Hamiltonian (14), and find a ground state with a number
of particles depending on the chemical potential µ. The critical behaviour can be

Phase diagram of Bose-Hubbard model. From M. Lewenstein et
al., Advances in Phys. 56, 243 (2007)
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Spin-boson model (SBM)

A two-state system coupled to an infinite collection of harmonic
oscillators
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The coupling strength is further characterized by:
J(ω) =

∑
k |gk|2δ(ω − ωk) = 2αω1−s

c ωsΘ(ωc − ω)

1 α: dimensionless coupling constant
2 ωc: cutoff frequency
3 s: power index of the reservoir: 0 < s < 1: sub-Ohmic; s = 1:

Ohmic; s > 1: super-Ohmic
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J(ω) =

∑
k |gk|2δ(ω − ωk) = 2αω1−s

c ωsΘ(ωc − ω)
1 α: dimensionless coupling constant
2 ωc: cutoff frequency

3 s: power index of the reservoir: 0 < s < 1: sub-Ohmic; s = 1:
Ohmic; s > 1: super-Ohmic
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Phases in unbiased SBM: ε = 0

α = 0: the spin is isolated from the env. If the spin is initially
prepared in the upper state, then P (t) = 〈σz〉 = cos ∆t

1 The spin dynamics shows delocalization
2 A pure quantum effect: tunneling

∆ = 0: H =
∑

k ωka
†
kak +

∑
k
gk
2
σz(a

†
k + ak);

1 the spin will keep in its initial upper state forever: P (t) = 1
2 The spin dynamics shows localization
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QPT in unbiased Ohmic SBM

Intermediate case: α 6= 0, ∆ 6= 0: Competition of two effects:

1 Intrinsic coherent tunneling of the spin
2 Incoherent dissipation of the spin from the env.

I The QPT is of Kosterlitz-Thouless type
I The critical point of the QPT: α = 1 for small ∆ limit

From A. J. Leggett et al., (1987)
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Experimental proposals on QPT in SBM

Mesoscopic metal ring capacitively coupled to EM env. From N.-H.
Tong and M. Vojta (2006)

Spin: tunneling between dot and
arm: HS = ε

2
σz − ∆

2
σx:

I ε: the chemical potential
difference between the dot and
the arm

I ∆ = 2
√
t2R + t2L + 2λtRtL cos 2πΦ

Φ0

can be controlled by magnetic flux

Boson: EM noise is RLC
transmission line

Persistent current in response to flux and bias as signature of QPT
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Dynamical behaviors

Localized regime α > 1: P (t) = 1 for initial upper state

Delocalized regime 0 < α < 1: rich behaviors

1 Damped coherent
oscillation

2 Monotonic relaxation

From Q. Wang et al., PRB, 80, 214301 (2009)

The so-called coherent-incoherent transition
Transition point: α = 1

2
for small ∆

From A. J. Leggett et al., (1987)
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Experimental proposals on C-I transition

Cold atoms in optical lattice A. Recati, P.O. Fedichev, W. Zwerger, J. von Delft, P. Zoller,

cond/mat/0212413

P
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Ion trap D. Porras, F. Marquardt, J. von Delft, J.I. Cirac, PRA (R) (2008)

0 2 4 6 8 10
−1

−0.5

0

0.5

1

t 
z

P
(t

)

2 / 

 = 1

 = 0.5

 = 0.2

J.-H. An (LZU & NUS) From n-M to QPT in open quantum system Aug 4, 2011 48 / 67



Experimental proposals on C-I transition

Cold atoms in optical lattice A. Recati, P.O. Fedichev, W. Zwerger, J. von Delft, P. Zoller,

cond/mat/0212413

P
(t

)

t

����� ���

�����

Ion trap D. Porras, F. Marquardt, J. von Delft, J.I. Cirac, PRA (R) (2008)

0 2 4 6 8 10
−1

−0.5

0

0.5

1

t 
z

P
(t

)

2 / 

 = 1

 = 0.5

 = 0.2

J.-H. An (LZU & NUS) From n-M to QPT in open quantum system Aug 4, 2011 48 / 67



Motivation

What is the physical reason of this dynamical transition in the
delocalized regime?

Is there some other physics in the delocalized regime?
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Inspiration

Decoherence suppression in structured reservoir: Photonic
band-gap medium: From P. Lodahl et al., Nature 430, 654 (2004)

Physically, it is due to the formation of a bound state between
the system and the reservoir: Dreisow et al., PRL (2008); Tong, J-H An, Luo, Oh, PRA (2010)
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|ϕ−1 〉 = c0|+, 0k〉+
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Motivation

Is it possible to form such bound state for SBM?

Is this bound state responsible to the coherence-incoherence
transition?
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Outline of part II

4 Introduction
Quantum phase transition (QPT)
Conventional QPT in spin-boson model: delocalized-localized
Coherence-incoherence transition

5 Novel QPT in the delocalized regime of SBM
Ground state of SBM
Phase diagram of SBM
Dynamical consequences of QPT

6 Conclusions and discussions
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Unbiased SBM and its reduction

SBM reads

H = −∆

2
σx +

∑

k

ωka
†
kak +

∑

k

gk
2
σz(a

†
k + ak)

is unitarily equivalent to (H̃ = exp[−iπ
4
σy]H exp[iπ

4
σy])

H̃ =
∆

2
σz + +

∑

k

ωka
†
kak +

∑

k

gk
2
σx(a

†
k + ak)

Rotating-wave approximation (RWA):

HRWA =
∆

2
σz +

∑

k

ωka
†
kak +

∑

k

gk
2

(σ−a
†
k + σ+ak)
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Ground state of HRWA

N = σ+σ− +
∑

k a
†
kak is conserved, thus the Hilbert space

H = ⊕NHN

The eigen solution in H0: E0 = −∆
2
, |ϕ0〉 = |−, {0k}〉

The eigen solution in H1: |ϕ1〉 = c0|+, {0k}〉+
∑

k ck|−, 1k〉
with

y(E1) ≡ ∆

2
− 1

4

∫ ∞

0

J(ω)

ω − (E1 + ∆
2

)
dω = E1

I One and only one real root E1 exists in (−∞,−∆
2 ] if

y(−∆
2 ) ≤ −∆

2 is fulfilled

The ground-state energy

Eg =





− ∆

2
, y(−∆

2
) > −∆

2

E1, y(−∆

2
) ≤ −∆

2
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QPT in HRWA

Critical point: y(−∆
2

) = −∆
2
⇒ αC = 2s∆

ωc

Ground-state energy and its first-derivative

Ground-state fidelity and entanglement
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Ground state of H̃

H̃ =
∆

2
σz + +

∑

k

ωka
†
kak +

∑

k

gk
2
σx(a†k + ak)

is recast by canonical transformation U = e
∑
k
gkξk
2ωk

(a†k−ak)σx into

H ′0 =
∆η

2
σz +

∑

k

ωka
†
kak − C,

H ′1 =
∑

k

νk(a
†
kσ− + akσ+),

H ′2 =
∆

2
σz(coshχ− η)− i∆

2
σy(sinhχ− ηχ),

with C =
∑

k
g2
kξk(2−ξk)

4ωk
and χ =

∑
k
gkξk
ωk

(a†k − ak).

The parameters: η = exp[−∑k

g2
kξ

2
k

2ω2
k

], ξk = ωk
ωk+η∆

, and νk = η∆gkξk
ωk
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Conventional delocalized-localized PT

η: A renormalization factor manifesting the dissipative effect the
bosonic bath

The effective tunneling of the spin is now ∆eff = η∆
I In delocalized phase: η 6= 0
I In localized phase: η = 0

From R. Silbey and R. A. Harris, J. Chem. Phys. 80, 2615 (1984)
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Further consideration

H ′2 is the high-order perturbation: only multi-boson processes
are involved in

H ′2 can be neglected under the conditions of weak-coupling
(α < 1) and T = 0

Heff =
∆η

2
σz +

∑

k

ωka
†
kak +

∑

k

νk(a
†
kσ− + akσ+)− C

I Total excitation nunmber is conserved
I Eigenstate in N = 0 subspace: E0 = −∆η

2 , |ϕ0〉 = |−, 0k〉
I Eigenstate in N = 1 subspace: |ϕ1〉 = c0|+, 0k〉+

∑
k ck|−, 1k〉

y(E1) ≡ η∆

2
−
∑

k

ν2
k

ωk − (E1 + η∆
2 )

= E1

One real root E1 exists in (−∞,−η∆
2 ] if y(−η∆

2 ) ≤ η∆
2
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Ground-state energy of Ohmic SBM

Eg =




− ∆η

2
+ C, α < αC

E1 + C, α ≥ αC

αC = 1
2

+ η∆
2ωc
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Phase diagram of SBM
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Dynamical consequences

Consider initial state |Ψ(0)〉 = |+〉 ⊗ |{gkξk
2ωk
}〉, which has form

|Ψ′(0)〉 = |+〉+|−〉√
2
⊗ |{0k}〉 in Heff representation

|ϕ0〉 and |ϕ1〉 play dominate role in the dynamics

The dynamics shows a transition from complete decoherence to
decoherence suppression
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Relation to C-I transition

Consistence: the critical point is same: lim∆→0 αC = 1
2
. C-I

transition is caused by the intrinsic QPT of SBM

Difference: Dynamical behavior

Damping oscillation to lossless oscillation Damping oscillation to monotonic decay

J.-H. An (LZU & NUS) From n-M to QPT in open quantum system Aug 4, 2011 62 / 67



Analysis

In ours, the initial state is a vacuum state in Heff representation.
Thus only the zero- and single-boson processes are involved in
the dynamics. The coherence contained in the bound state, as a
stationary state of the system, can be preserved forever.

In conventional works, the initial state is a coherent state in
Heff representation, the multi-boson process distributed in
infinite modes of the reservoir will cause out-of-phase interaction
with the spin, which will wash out the coherence of the spin.
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Conclusions

A novel QPT is found in the delocalized regime of the Ohmic
SBM

The critical point matches well with the so-called
coherence-incoherence dynamical transition. It conjectures that
such transition is caused by intrinsic QPT of the system

Taking the multi-mode coherent state as the environmental
initial state, an interesting dynamical transition, i.e. complete
decoherence to decoherence suppression, is revealed
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Thank you for your attention!
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