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Trapped in optical lattice combined with a weak harmonic trap H  Model and Method Ground State closing harmonic trap — harrr

Bose-Hubbard Model

T
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satisfy the Bose commutation relations

Anyon-Hubbard Model
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Bose-Hubbard Model

T
||
th

(bfbrr +H.C.) +ZV1bTbl+ an (m=1) (1)

~

1

satisfy the Bose commutation relations

Anyon-Hubbard Model

H=—t

Mh

(a;rapr] + H. C) -+ ZVlalal P = an n; — 1) (2)

=1

satisfy the generalized commutation relations
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Trapped in optical lattice combined with a weak harmonic trap H  Model and Method Ground State closing harmonic trap — harrr

generalized commutation relations

—ife(j—1)
ajalT = di—e el )alaj,

aay = —e U Dgq; (3)
Anyon-Bose transformation
a; = exp iGZbIbs b,
1<s<j
a}L = b;.rexp —i6 Z bibs

1<s<j
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Trapped in optical lattice combined with a weak harmonic trap H  Model and Method Ground State closing harmonic trap — harrr

Anyon-Hubbard Model

L L
U
—t E (alal+1 + H. C) + E Vlalal ) E (np—1) (4)

=1 =1 =1

Bose Hamiltonian

L
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Trapped in optical lattice combined with a weak harmonic trap H  Model and Method Ground State closing harmonic trap — harrr

Anyons

Conditional-hopping bosons

J Jeit

[ X%
( ]

Figure: nature commu 2, 361 (2011): Anyon—-Boson mapping and
schematic of the proposed experiment.
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Hamiltonian

L
tz (al—l-lal + H. C) T ZVlalal (6)

=1 =1
with V; = V(I — (L + 1)/2)? . Quench V;!!!
generalized commutation relations
aja;[ = 0 — e_ixwe(j_l)a;aj,
aja; = —eiX”E(j_l)alaj (7)

x:statistical parameter € [0, 1].
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Hamiltonian

L
tz (al—i-lal + H. C) T ZVlalal (6)

=1 =1
with V; = V(I — (L + 1)/2)? . Quench V;!!!
generalized commutation relations

ajalT = 0 — e_ixwe(f_l)ajaj,

aja; = —e"xm("_l)alaj (7)
x:statistical parameter € [0, 1].

The hard core condition:
az —al 2 =0and {a;,al} = 1.
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using the generalized Jordan-Wigner transformation

aj = exp |ixm Zf;ffs it (8)

1<s<j

ajT = jj-Texp —ixm Zf;rs : 9)

1<s<)
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using the generalized Jordan-Wigner transformation

b = e (o 31 |5 @
1<s<j
ajT = jj-T exp [ —ixw Z fir ], 9)
1<s<)
L IL
Hp=—t) (flTHfz + H.C.) +> Vi, (10)
=1 =1

Based on the single particle wavefunction, the exact many body
wavefunction of anyons can be constructed! Therefore......
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Fermion’s wavefunction

The eigenstates of single-particle

o) = ch 10y =" wa (1) 10).
[

The many body state of Ny free spinless Fermions

) = clef---cf, 10)
= Y o)) on, (le)flTﬁi"'ﬁLf 0)

b+l
Ny

L
= H ZPWC]T 10)

n=1 I=1
with Py, = @, ().
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The equal-time Green’s function for the hard core anyons at
time 7 should be expressed as

Gjl (7') = <\I]HCA (7’) ’aja” Yhca (7-)> (1 1)
-1

j—1
= (U ()] exp | ixm > _fifa | fff exp | —im £ ) [WF (7))
B v

= (W (7) [¥E (7))

with
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The equal-time Green’s function for the hard core anyons at
time 7 should be expressed as

Gjl (7') = <\I’HCA (7’) ’aja”\IlHCA (7-)> (11)

-1
= (Wr (7)| exp IXFZf,Bfﬁ ffl exp <—m2f$fw) [Vr (7))

= (W7 (1) |7 (7))
with

()] = (fT exp (w3 £lfs) 1wr (7))
|98 (7)) = £ exp (—ixm S5 A1F, ) 10k ().
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Trapped in optical lattice combined with a weak harmonic trap H  Model and Method Ground State closing harmonic trap — harrr

Up) = HZme, 10) (12)

n=1 =1
-1
W3 (7)) =/ exp (—ixw ZJ%) [WE (7)) (13)
Y
Ne+1
oy =T D Piasl 10y
n=1 =1
Gy = (WA[WB) = det [(P’A)TP’B] (14)

The Green’s function can be obtained by evaluate the
determinant of (N + 1) x (N + 1) matrix.
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The reduced one body density matrix (ROBDM) can be
evaluated by Green'’s function

pit (7) = <a}a,> =61 (1= Gy (7)) — (1 — 8y)e™ X" Gy (7).

Yajiang Hao (USTB) Ground State and Dynamics of 1D Hard Core Anyons



Trapped in optical lattice combined with a weak harmonic trap H  Model and Method Ground State closing harmonic trap — harrr

The reduced one body density matrix (ROBDM) can be
evaluated by Green'’s function

pit (7) = <a}a,> =61 (1= Gy (7)) — (1 — 8y)e™ X" Gy (7).

momentum distribution
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The reduced one body density matrix (ROBDM) can be
evaluated by Green'’s function

pi () = <a}a,> =6y (1= Gy (1)) — (1 = 8p)e "Gy (7).

momentum distribution

L
1 ik(i—
n(k) = 7 Z e~ kU Z)pﬂ(T) (15)
ji=1
natural orbitals ¢"
L
> oud" = A" =1,2,..L, (16)

=1
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Trapped in optical lattice combined with a weak harmonic trap H  Model and Method Ground State closing harmonic trap  harrr
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Figure: The momentum distributions for 50 hard core anyons in a
lattice of 300 sites. Vy = 0.0.
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Ground State closing harmonic trap harm

H  Model and Method

Trapped in optical lattice combined with a weak harmonic trap

n(k)

Figure: The momentum distributions for 50 (a) and 150 (b) hard core
anyons in lattice of 300 sites combined with a harmonic trap.

VE=1.0 x 1074
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Figure: The reduced one body density matrix for 50 hard core anyons
in lattice of 300 sites. V! = 1.0 x 1074z,

[m] = = =
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Figure: The evolving of density distribution for 50 hard core anyons in
optical lattice of 500 sites. V) = 1.0 x 10~*rand V, = 1.0 x 1073z
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Figure: The momentum distributions for 50 hard core anyons in lattice
of 500 sites, Vi = 1.0 x 1073t and V, = 1.0 x 1078, (a) 7 = 0, (b)
7 =20, (c) 7 = 50,(d) 7 = 100.
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n(k)

T % —n/2 0 /2
k

Figure: The momentum distribution of 50 anyons in lattice of 300
sites. V) =1.0x 1072rand V, = 1.0 x 107%¢. (@) 7 = 0, (b) 7 = 10, (c)
7 = 30,(d) 7 = 60. Inset: Density distributions.
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Figure: The occupation distributions for 50 hard core anyons in lattice
of 500 sites, V{ = 1.0 x 103tand Vy = 1.0 x 1078¢. (a) 7 = 0, (b)
7 = 100.
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0 20 40 60 80 100

Figure: The occupations of the lowest natural orbital for 50 hard core
anyons in lattice of 500 sites. V/ = 1.0 x 103t and V, = 1.0 x 1073z
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Trapped in optical lattice combined with a weak harmonic trap H  Model and Method Ground State closing harmonic trap — harm
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Figure: The density distribution of 50 hard core anyons in optical
lattice of 300 sites. V= 1.0 x 1073t and Vp = 2.0 x 107%.
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Figure: (The momentum distribution of 50 anyons in optical lattice of
300 sites. V) = 1.0 x 1073rand Vo = 2.0 x 10~%z. (@) 7 = 0, (b) 7 = 30,
(c) 7 =60, (d) 7 = 80, (e) 7 = 100, (f) 7 = 120.
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0 40 80 120 160 200 240
T

Figure: The occupation of the lowest natural orbital for 50 anyons in
optical lattice of 300 sites. V) = 1.0 x 103z and V, = 2.0 x 10~*z.
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Trapped in optical lattice combined with a weak harmonic trap H

Fermi-anyon mapping method

We consider N anyons of mass m with the hard core interaction
trapped in a harmonic potential

Vot = mw2x2/2. (17)
anyon Wavefunction

CI)A(xh"' 7XN) = -AG(xla"' ,XN)q)F (xlax27"' axN)v (18)

where the anyonic mapping function is formulated as
14
Ag(xrs ) = [ expl—oelau)]. (19)

. 2
1<j<k<N

Yajiang Hao (USTB) Ground State and Dynamics of 1D Hard Core Anyons

method for ground state  dynamics—similar to the case of ground



Trapped in optical lattice combined with a weak harmonic trap H  method for ground state dynamics—similar to the case of ground

the wavefunction of N polarized fermions

Op (x1,x2, - ,xn) = (Um) jC]}Aétl b (k) - (20)

Here ¢;(x) = (va2j1)"2e~*/2H;(x)
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the wavefunction of N polarized fermions
N
B (X152, %) = (1 /\/JW) det 0 (w). (20)
Here ¢;(x) = (va2j1)"2e~*/2H;(x)
Using the Vandermonde determinant formula

detlpj 1 (xe)ljk=1,- v = [Ti<jeren (i — ) for {p;(x)}={277H;(x)}
and {p;(x) =¥}
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the wavefunction of N polarized fermions

DF (x1, %2, ,xN) = (1/\/m) jciél oj (xk) - (20)

Here ¢;(x) = (va2j1)"2e~*/2H;(x)

Using the Vandermonde determinant formula '
detlpj—1 (®)ljg=1, N = ITi<jeran (G — ) for {p;(x)}={27/H;(x)}
and {p;(x) = ¥}

Fermi wavefunction
O (X],Xz,-" y X, C'N - Hexp 2/2 H (Xj—Xk) (21)

with (Cff) 2 = 7~V T 271!
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Trapped in optical lattice combined with a weak harmonic trap H  method for ground state dynamics—similar to the case of ground

the wave function of impenetrable anyons

(b (xlax27"' X, ) :Ae(xl)x27"' axN) (22)
Hexp 2/2 H (xj — xx).
<Sj<k<N

ROBDM

the reduced one body density matrix (ROBDM) of anyon gas
can be calculated by

plx,y) = N/ dxl-"/ dxy_1 (23)

X\I’Z()Cb e 7xN—1ax)\I]A(xla o 7xN—lvy)'
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the ROBDM of impenetrable anyons

By an easy calculation we get the concise expression of
ROBDM

N—1
py) = rmen(—2/2=3/2) (24
2(+k)/2
x det|

2T T® (%, 3)]j=1,- N1
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the ROBDM of impenetrable anyons

By an easy calculation we get the concise expression of
ROBDM

Nl
P ('x? y) = \/>]._‘ ( )exp(_xz/z — y2/2) (24)
det 2(+k)/2
e e I

with by (x,y) = [0, dtexp(—12)e® =0 =t=0)/2 (¢t — x)(1y) 52,
b; «(x,y) depend on Y Gamma function and confluent
hypergeometric function—easy to evaluatel.
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(b)

Figure: ROBDM for 40 anyons in a harmonic trap. (a) Fermions; (b)

Bosons; (c) x=0.5, Re[p(x,y)]; (d) x=0.5, Im[p(x, )]. . ~
_ Ground State and Dynamics of 1D Hard Core Anyons

DA



Trapped in optical lattice combined with a weak harmonic trap H  method for ground state dynamics—similar to the case of ground

momentum distribution

1 00 00 P
n(k)ZZW/ dx/ dyp(x,y)e ),

momentum distribution for 40 anyons.

I o
C = Fermion |
20 ==X ,
C Boson 7
15 .
2 F i
< [ ]
10j —
5|c /"| E
L y:ud/-:y‘- ]
",
o Lt ilidim (e R R = S T W )

-20 -15 -10 =5 0 5 10 15
k

N
o

Figure: Momentum distribution for 40 anyons.
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a time-dependent harmonic potential V,,, = mw? (¢) x> /2
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Trapped in optical lattice combined with a weak harmonic trap H  method for ground state dynamics—similar to the case of ground

a time-dependent harmonic potential V,,; = mw? (t) x*/2

p(x,y,1) ZN/dxz-'-dXNq>§(X1,--~ X ) Pr(xy, -0, y32)

1 x vy ib xz—y2
=—-p(-,>,0 === 25
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a time-dependent harmonic potential V,,; = mw? (t) x*/2

p(x,y,1) ZN/dXz-'-dXNq)?(m,m X ) Pr(xy, -0, y32)

1 x vy ib xz—y2
=—p(=,=.0 -

. (25)

Here the concise expression of ROBDM p(x,y,0) atr =0

2N—1
p(x,y,0) = mexp(—xz/Z - y2/2) (26)
2(j+k)/2
x det[

bj7 X, j,k=1,--- N—
2 TG T 2 o et
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Trapped in optical lattice combined with a weak harmonic trap H  method for ground state dynamics—similar to the case of ground

a time-dependent harmonic potential V,,; = mw? (t) x*/2

p(x,y,1) ZN/dXz-'-dXN‘I%(m,W X ) Pr(xy, -0, y32)

1

_7( y ll'px—y2
~ e

0
J P g 2R

. (25)

Here the concise expression of ROBDM p(x,y,0) atr =0

N—1
p(x,y,0) = mexp(—x2/2—y2/2) (26)
et (x)

x de X

f F(I) () ]k » Y)j k=1, N—1

Rescaling parameter satisfy b + w?(1)b = w}/b* with the initial
condition »(0) = 1 and b(0) = 0.
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Fermionization of anyons
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Figure: Momentum distribution for 2 anyons.
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Figure: Momentum distribution for 2 anyons.
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@ The exact numerical method to deal with the hard-core
anyons confined in the optical lattice superimposed with a
weak harmonic potential.
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Conclusion

@ The exact numerical method to deal with the hard-core
anyons confined in the optical lattice superimposed with a
weak harmonic potential.

@ The physical properties of density profile does not depend
on the statistical parameter .
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Conclusion

@ The exact numerical method to deal with the hard-core
anyons confined in the optical lattice superimposed with a
weak harmonic potential.

@ The physical properties of density profile does not depend
on the statistical parameter .

@ The physical properties of ROBDM and momentum
distribution depend on the statistical parameter .

@ The momentum distribution of anyons are asymmetry
about the zero momentum and anyon can bosonize and
ferminize.
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