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1. BEC (35 th 5 PA U H 6 28 )

I Started with a purely
theoretical proposal
(Einstein 1924).

“a number of molecules
steadily growing with

Increasing density goes
over in the first guantum

state ...".
I A finite fraction of K
occupies the single |

particle ground state. 1




BEC Is a thread transcending many fields of
physics, and has generated many Nobel Prizes.

Superfluidity of liquid ¢z, . Condensate fraction is 10%.
BEC of excitons, polaritons and magnons.

Superconductivity [BEC of cooper pairs. Condensate
fraction is 10-* ~ 10~ In fermion systems.], including HTSC.

Superfluidity of liquid 3He .
Nucleon pairing.
Meson condensates inside neutron stars.

Spontaneous gauge symmetry breaking (originally a
description of BEC) Is a major component of standard
model. Vacuum is a BEC in a generalized sense.

Supersolid (open).



BEC of alkaliratomic gases

Based on of cooling and trapping
atoms (Nobel in 1997).

. 1995. (Nobel In
2001).

T < 170nK. Condensate fraction can be almost 1.

This field has expanded to be a major frontier in
physics.



Ultra-cold atomic system as a new
playground for condensed matter physics

The players are atoms,
rather than electrons.

Optical Lattices.

Fermion condensate, BEC-
BCS crossover;

Pairing
without superfluidity.




Advantages

| 'Ultra-low temperature. Can be 450pK.
[The

universe is 3K].
I Highly
| can be

created and manipulated in these systems.
This is highly interesting for



2. Quantum entanglement

W) # |Y)4 ® |Y)B
fee (DI D=0 1)

I Discovered by Einstein (with Podolsky and
Rosen) and Schroedinger in 1935.

¥ A correlation stronger than allowed by any
classical theory (with probability underlied by
some hidden realistic variable). Widely
regarded as the most essential difference
between quantum mechanics and classical
mechanics.




Entanglement entropy

' Entanglement (in a pure state), between
the two parts A and B, can be quantified

dS S = —Trpalog;pa,

oy, TTB ‘\Ij> <\Ij|, I: dimensionality of p4,
thanks to quantum information theory.
I Meaning of pa: (V]|0|¥) =Tr(paOa).

I Maximum entanglement: S=1.:

U = =HRrg 7 log; 7.






Simplest BEC

4) = = (ah)™|0)

All atoms occupy the same single particle ¥ ‘ f
states ¢(r) .

Mean field theory.
¢(r): single particle wavefunction.

It becomes the
[equivalently, sometimes one

uses vNo(r) ].



Two-component BEC

A mixture of A-atoms and B-atoms:
Y& Po(Ta1) +* PalTan,) ® Pu(rp1) -« Pp(Ton,)
1) = —is=(ah)Ne (61N [0) = [1))0 ® 1)

A-atoms and B-atoms ) , With
separate order parameters (classically coupled).

Similar is a mixture of one species of atoms with
two spin states, the numbers of which are
conserved respectively.



Spin-1 condensate
) ~[(a))? — 24" ;a]]V/2|0)

! Non-mean-field state.
(symmetry breaking mean-field state:
) = < (al)V]0) .
' But the partlcles are all identical. Each
particle can flip among the 3 spin states.

I It does not possess the entanglement we
want: entanglement between



Generalized cases of BEC

' Molecule BEC: BEC occurs In a molecule
bound state.
I BCS: BEC occurs In a paired state of two

fermions, with the size of the pair
wavefunction larger than the particle

distance.



Josephson effect

! Also started with a theoretical
proposal.

! "In the condensate,

P @(ry)- - o(ry)
o(r) = 1(r) + o) (r).

¥ The superposition feature of
single particle state is




hson effect amplifies single particle
superposition to macroscopic scale.

We now amplify quantum entanglement to
smmiiacroscopic scale !






2 species X 2 internal (spin) states

Each atom can flip the spin between two
states, but cannot transit between the
atom species.

N;+ and N;; (¢ = a,b) are not conserved.
N; = N + N;| 1s conserved.

Ignore depletion: orbit of each particle is In
the lowest wavefunction.

In a dilute gas, atom-atom interaction Is
effectively a contact one proportional to
scattering length.



Scattering channels,
each described by a scattering length
1. Intra- speues scatterlng of a atoms:

a1 4l al
. ‘”\‘/
/ e /\
al al

2. Similar Intra-species scattering of b atoms.



Scattering channels (continued)
3. Inter- speues W|thout spln exchange



Scattering channels (continued)
4. Inter- speues Wlth spln exchange

s

b1

e
\

bl

/
a
i
/



Reguirements

! Energy conservation in each scattering.

I 'Conservation of total z-component spin in
each scattering. [This constrains the spin

to the two-state subspace].

I They can be satisfied experimentally. —



.J +

an find two internal states with
y difference is independent of atom species.
example, |2, $2).

agnetic field is low,

e »,

AFE = gFAmF,LLB.

sammmmungly©



Hamiltonian

a K@
H="H,+Hp+ ZKégli)NaaNba’ —+ T(GiaibibT + a1a¢b$b¢)

oo’

K ((,Céb) is proportional to scattering length of the interspecies scattering
conserving each spin.

K, is proportional to scattering length of the interspecies scattering
exchanging the spins.

K. term causes a-b entanglement in the ground state!



I Spinful BEC can also be realized In
magnetic traps.

I ‘Motivates experiments on multichannel
scattering between different species of
atoms.

I It positively answers our question above. It
realizes, in the ground state,



Meaning of “Entanglement between BECs

! 'Like a pure two-particle entangled state, where
each particle is not in any pure spin state, there
IS

! BEC occurs in an entangled inter-species pair
state. Somewhat analogous to BEC of Cooper
pairing.

¥ The two-particle entangled wavefunction is the
order parameter.

¥ A new kind of BEC characterized by a novel kind
of entanglement.






Spin representation

SCL — ZO-,O-, alj;.SO'O'/aJO'/j Sb — ZO.’O./ bj;.SO'O'/bO'/

' 'The Hamiltonian becomes that of two giant
SpINS s.=n~N,/2 and s, =nN,/2

H K. E
— —°(S.0Shs + SaySey) + SazSs + BaSaz + BoSy, + CaS2, + CpSZ, + —

S J.,

I Coefficients are functions of K’s.



Conserved Quantities

'+ N, and Np,hence S, and S,
N; = Nip + Ny

I Total S, = (NaT == Na¢ -+ NbT — Nb¢)/2



Isotropic point

H — JzSa N Sb
Ground states:
Gs,) = A(a])™ (a])™ (alb] — albl)™o|0)
Ny = Na/2 - Nb/2—|— S n, = Na/2 = Nb/2 — S,

Degenerate, but unique for a givens, .
For Na = Nb — N:

Go) = (VN + 1IN~ (alb] —albl)V|0)



Go) = (VN + 1) N (DN "m) | N — m)a) [N — m)pp|m)sy

I Consider Its occupation entanglement . The
subsystems are the single particle basis states

Involved.

Method: YS, Phys.Rev.A 67, 024301 (03);
J.Phys.A 37,6807 (04).

¥ Entanglement entropy: von Neumann entropy of
the , which

measures the entanglement with the rest of the
system.



Entanglement

! The basis of | (i=a,b) species is chosen to be
(1,8 4).

! The occupation number of the basis of each
species [always (m,N-m)] is N+1-valued, so the
base of the logarithm in entanglement entropy is
set to be N+1.

¥ The state is an equal superposition of states
that are orthogonal in both a and b bases,
consequently the entanglement between the two
species is 1.

Go) = (VN + 1)1 30 _o(=1)¥"™m)ap|N — m)ay [N — m)ps|m)s,



Entanglement as
(alb] — albD)N]0) = [V2 [ diradryipf (ra)ih] (x0)d(xa, 15)]V [0)
Ya(t) = 3, 60bu0(a)l0)ar D(r) = 5, b (12) 0

#(ra,rp) = —5[Par(Ta)| Dadey(rs)] o — day(ra)l 1)adsr(rs)] 1)s)

! Real space wavefunction:
v = NS[¢(ra17 I'bl) = qb(raNa rbn)]-

N: normalization. S: symmetrization.

P |Gy) is a condensation of interspecies pairs in
the same two-particle entangled state.

P o(rg,1p) IS the
|




=ERtangled pairing 1IoWer

A simple example:

(ra —xp)(| THL |+ [N )

) — T DI)/v2

as lower energy than

e balra) burn) o) o)




How the entanglement survives the
coupling anisotropy and the
nonvanishing of

Baa Bb7 Ca . Cb

o] &

K. E
— 7 (Sawsbw e Saysby) 2 Saszz = BaSaz + Bbsz + Ca,SCQLz + Cbsl?z + J_O



It IS found that
, the ground
state Is of non-mean-field with
significant entanglement.
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A
Persistence of entanglement in a

wide parameter regime (3)

C, and C}y nonzero, B, = By = 0, under typical values
S, = 12000, S, = 10000, S, = 1000, K./J, = 1.2
J., C,J. and CpJ, are of the same order of magnitude




5 umme




Detection of the entanglement (1)

! Fluctuations of N,

\/<N02,O'> - <Na0'>2/<NaO'> # O
I 'Can be obtained from density fluctuation,
which is self-averaging, and can be
studied In

Pic(ri) = Nio|dio (r:)|?




Detection of the entanglement (2)

' Nonvanishing of the

Ca,a’ = <Na,aNba’> i <Naa><Nba’>

9(Ta, 0T, 0") = (Pac(Ta)pPbo (Tb)) — (Pac(Ta)){Pbor (b))

9(Ta,0;T,0")/{Pac(Ta)){Pbo (Ts)) = Co.o' [ (Nao) (Noo')



Detection of entanglement (3)

! Measuring spin of an A-atom,

P, = {(atas)/ X, (al,a0)

| of an A-
atom and a B-atom which leave the trap

e <bz,a$aaba/>/ Zaa,ab@gbaga =07 ).



Detection of entanglement (3)
(continued)

Mean-field (non-entangled) state:

Ny
bT—rh ‘O>7

N N N
—1 TG 2,7 '3
a~ a' - .

(VNN I N3 TN,)

PO-CL yO'b — Po-a Po-b

¥ Non-mean-field (entangled) BEC.:

Po-a,aa-b # Po'a Po-b



Summary

We proposed a of BEC,

occurring in an interspecies two-particle entangled
State.

. We
extend the notion of entanglement from usual
guantum mechanics to order parameter of a many-
particle system. This is

A nice

of Interspecies
multichannel scattering.
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