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A physical phenomenon can be understood from
different point of view.
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Introduction: QPT

N

Thermal phase transitions: which is described by non-analytic
behaviors of the thermal properties at the transition points, driven

by thermal fluctuation.
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Quantum phase transitions: driven by the quantum fluctuations
and are described by the non-analytic behaviors of the ground-
state properties at the transition points.
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¢ High Tc superconductor

N7

«» Mott-Insulator transition in Hubbard model.
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Introduction: QPT & quantum entanglement
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Introduction: QPT & guantum entanglement
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The extended
Hubbard model
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Introduction: QPT & guantum entanglement

L/

Detecting Topological Order in a Ground State Wave Function

Michael Levin and Xiao-Gang Wen

Department of Physics, Massachusetts Institute of Technology, Cambridge, Massachusetts 02139, USA
(Received 25 October 2005, published 24 March 2006)

A large class of topological orders can be understood and classified using the string-net condensation
picture. These topological orders can be characterized by a set of data (N, d;, F :f:“, O ). We describe a
way to detect this kind of topological order using only the ground state wave function. The method
involves computing a quantity called the “topological entropy™ which directly measures the total
quantum dimension D = Z,d?

(S1 — 85) — (S35 — Sy)
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Introduction: classical fidelity
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Introduction: quantum fidelity

N

- A. Uhlmann, Rep. Math. Phys. 9, 273 (1976)
F(U', W) =|(¥' W) a-b=abcos()
AXxioms R. Jozsa. J. Mod. Opt. 41, 2315 (1994).

0 < F(U.v) <1,

||
~
<
<

Example
w(6)) = [1) +sin| |T),
w(6)) = ma@\ Iy +sind'| |1,

F(U(0),T(0)) = | cos(6 — )],
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Introduction: traditional method
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Landau’s symmetry-breaking theory
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Introduction: information perspective
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Introduction: information perspective
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Introduction: QPT & Fidelity

—— PRL 96, 140604 (2006)
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Occurrence of the quantum phase transitions
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How does QPT happen for a general quantum system

H(\) = Ho + \Hp,
H(AN)[Wn(A) = En|¥Un(A))
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Perturbation method in guantum mechanics
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Fidelity susceptibility
Hn, )\ lI}n )\
(Wo(A+N)) = |\Ifo()\)>+5)\z 0(A) /( )?

Hyo = (U (N[ Hr[Wo(A)).

F5 (A, 0) = [(Wo(A)[Wo(A +0))]

2 | n /\)|H |\I’O(A)>‘2
= 1400 ) S IEom]

n=#0
—QlllFi Y ‘ n ‘Hf‘q’IO( )HZ
\F = ! ; En(A) = Eo(N)]?
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Perturbation method in guantum mechanics
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Fidelity susceptibility: what is the physics

HIR‘HHIOHQ
XF(LU’ )— ‘ ,
% E, — Eo]? + w?

— 7 [(Uo | H (1) H1(0)|Wo) — (Uo|Hy|Wo)?] 6()

OXF(T)

oT
- [(Vo| Hr (0)H (7)[Wo) — (Yol Hr|W0)?] 0(—7)

Fidelity susceptibility = dynamic structure factor
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Fidelity and dynamics structure factor
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" Fidelity susceptibility: how to compute
XF — /’T [(qjo‘Hj(T)H](O)‘\I’()) — <\DU‘H[‘\IJQ>2] dTt

(WolHr(7)H1(0)[Wo)

n(_1\n
=31 (n' ) B (| H H H W)

To higher order N
3 HYHPH]®  Ey
(E: — Eo)(E; —Eo) gV

S. Chen, L. Wang, Y. Hao, and Y. Wang. Phys. Rev. A
77, 032111 (2008).

L. €. Vermti, M. Cozzini, P. Buonsante, F. Massel, N.
Bray-Ali, and P. Zanardi. arXiv:0801.2473.
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Extension to thermal phase transitions

j Fidelity susceptibility: extension to TPT

Fi(3,6) =

Z(B) =

P. Zanardi, H. T. Quan, X. Wang, and C. P. Sun, Phys. Rev. A
75, 032109 (2007).
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You, Li, and Gu, PRE, 76, 022101 (2007)
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Application: the Lipkin-Meshkov-Glick model

A
Y

L/

Hamiltonian
A4 i i _J i
H = Y ; (O‘XO'X + j/()'_,&,(r_\_.) —h Z g,

Ground phases (ferromagnetic)

h<1 h>1
= <= 4
— -><- 4l t
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Application: the LMG model

b
Y

Ifh>1
S. =S -da,

S, = (2§ —aﬁa)”za
The Hamiltonian in terms of bosons

H=—hN+[2h-1)+nla‘a- g (a" + @)

a’ = cosh(®/2)b" + sinh(®/2)b,
a = sinh(®/2)b" + cosh(®/2)b,

The diagonalized form

H=-hN+1)+2+(h—1)(h—-1+n) (b*b + %)
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Application: the LMG model
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Universality class described by the FS
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Q5701 (2007).
XF = /'T (Wo|H(T)H(0)|Wo) — (Wo|Hy|W¥o)?] dr

r'=sr, T =571, V(') =s"2VV(r)

g~ L2Av—2C

S.J. Cu, H. M. Kwok, W. Q. Ning, and H. Q). Lin, Phys.

Rev. B 77, 245100 (2008),

XF) (M) N N = | @

N A — Al@
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Application: asymmetric Hubbard model
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Scaling ansatz: d (adiabatic dimension)
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Application: asymmetric Hubbard model
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Universal function
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Application: the LMG model
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Application: asymmetric Hubbard model
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Application: asymmetric Hubbard model
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The schematic phase diagram of the
asymmetric Hubbard model
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Application: asymmetric Hubbard model
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Application: asymmetric Hubbard model

= :zt () it; Fr ;9[“ (t~ tr)]
v =2.65
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LV (r - rl‘ﬂaii)

X (t) == 3.855 + 0.7TAT8L + 1349.9L 712 (t — t10x)*
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The Kitaev honeycomb model |

_ETA. Kitzw\-’; Ann. Phys. 303, 2 (2003); Ann. Phys. 321, 2
(2006).

. €T T Yy Yy z .z
H = —.J, E ajok—.]y E Jjak—.]z E 007,

x-bonds y-bonds z-bonds

J=1, J=J=0

gapless

gapped

J=J,=0 J=J,=0

X. G. Wen, Q-udfn..t-?s-rrn Field 'T!'a.e;v-r*-y of M a.*n.'y—Body Svys-
tems (Oxtford University, New York, 2004).
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The critical fidelity susceptibility
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o’ =ib"c, 0¥ =ibY¢c, 07 = ib%c

i N
H = P E UjkJa;;,CjCk
7.k

H = Z \/63 + AZ (CCJ;JCq,l — C;,QCqQ)
a

fla) = eq+iAq,
€q = Jrco08q, + J,cosq, + J.
Ag = Jesing, + J,sing,.
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The critical fidelity susceptibility
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The critical fidelity susceptibility
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The first conclusion on topological phase transmon

® The fidelity susceptibility can be used to witness

the topological quantum phase transition in the
Kitaev model

-‘;—_ W Huan-Qiang Zhou §0803.0814

honeycomb model

Authors: Shuo Yang, Shi-Jiand@€hang-Pu Sun, Hai-Qing Lin,
arXiv:0803.1292

Fidelity analysis of topologicdiQuantum phase transitions

Authors: Damian F. Abasto, A 'SCIa Hamma, Paolo Zanardi,
arXiv:0803.2243 -
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The bond-bond correlation

A
Y

L
Fldellty SUSCepthI“ty W. L. You, Y. W. Li, and S. J. Gu, Phys. Rev. E 76,
022101 (2007).

XF — /’T [<LI10‘HI(T)HI(O)‘KD0> — <\I’0‘H]‘\IJO>2] dr

Bond-bond correlation function

C'(ry,r2) = <U§1,1U§1,QU§2,10§2,2>

o <UI‘1,1UI‘152> <Ul‘2_~.101‘2,2>
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The bond-bond correlation

S
8 8 8 8 1 .
(7a7%2) = (Oha0h2) = T 25

(Wol og, 107, 20¢,105,.2 [Wo)
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q.9’ ' '
X (AqAq — €qfq’) =
= -10 |
= -15 |-
1 = QSiﬂh_l ’ 2]': — 1 20r
1 —.J. [ Lo
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cbraically
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decays exppnentially
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Beyond the pure-state fidelity

N

L/

1 ) Fldellty per Slte H. Q Zhou, J. H. Zhao, and B. Li, arXiv:0704.2940;

2 . Ope rator fldellty x. iﬁ."ang., Z. Bun. and 7. D. Wang. arXiv:0803.2040

3. Density-functional fidelity (sicu, preprint)

4. Reduced fldellty (Zhou. Peres. Wang. GU)
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The density-functional theory

A
Y

L/

H(N) = Ho+ AHp + Y i,

the density-functional fidelity (DFF'). According to the
Hohenberg-Kohn theorems, the ground-state properties
of a quantum many-body system is uniquely determined
by the density distribution n, that minimize the func-
tional for the ground-state energy Ey[n,|. Therefore, the
distribution n, captures the most relevant information
about the ground-state. Any change in the structure of
the wavefunction can be found by calculating the simi-
larity between two density distributions, i.e. the fidelity.
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The density-functional fidelity

b
Y

L/

plar, 27) =tr[Wo(A)) (Wo(A)

n = Z n.|r)(x
<‘I’0( )t [Wo(A)) = (Wo(N)[(OH /Op.) [ Wo(N))

F(\ M) = try/n(N)n(\)
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The density-functional theory

A
\V

F(A M) = try/n(AN)n(\)

S\
F(AA+0)N) =1 (2) XE

'S 2
1 on.,
XF = E — | =
dn., \ O\
£
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Example: the LMG model

N

,
H - _% (1+) (87— 82 = 5) — 288,
—% (1 —=) (E'i —I—SEJ

i » "I » f:-'"-l-'":.._.-lll .-‘l ..'-»..1 -.._1 l | l J | l |
950 800 850 900 s_ 950 1000 1050 1100
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Example: the LMG model

p
N4
1— . - 4000 ——
(b) ] L ()
3000 ~
098 | 7 !
5 1 252000} -
.E
096 -
1000 —
1 1 1 |.-.' i |
1 1.1 s 00 1 1.1
h

"8 09
i

For the LMG model, the density-functional fidelity is the same
as the pure-state fidelity because the LMG model become a

single-particle problem in the anisotropic case.
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Example: Hubbard model

N

L/

:_Z(CJG jtlo T J+10CJG)+Uan,Tnj,¢

M A, —sink.
27 =k, L—-2) tan"| =2 ) A
i ;an( /4) E=-2) cosk;
L& (A, -sink, A =
Zwa_zgtan[ W J Za (U/Zj
o N-1 N-3 'N-1 - M1 M-3 M-
o2 2 2 o2 2 2
| 1 dE(U)
Hellman-Feynman & Hi: =
ML L N dU
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Example: Hubbard model

[ —— —— U >0

ol ' @
U <O

®  _®
20 -0 10 2 @ - @

we [ Jaleh; (@)de
0 1+ cosh(Uw/ 2)

E, =—2wlog, w—2(1/2-w)log,(1/2—-w)

E,(U) = E,(-U)
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Example: Hubbard model
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density of state
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Example: Hubbard model

N

L/
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Example: Reduced fidelity

N

L/

Fa (.R) = Tey NBathipa(h) VBathy.

1 {1+ {c% 0

H. Q. Zhou, arXiv:0704.2945,
N. Paunkovic er al, Phys. Rev. A 77, 052302 (2008).
H. M. Kwok, C. 8. Ho. and S. J. Gu, arXiv:0805.3885.
J. Ma, L. Xu, H. Xiong, and X. Wang, arXiv:0805.4062.

J. Ma, L. Xu, and X. Wang. arXiv:0808.1816.

H. N. Xiong, J Ma, Z. Sun, and X. Wang,
arXiv:0R08.1817.
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Example: Reduced fidelity

- N

.
E(M,h) = ﬁ[
i

1.000
T 2 i 0398
hN N 5 '
2 ) = 0898 - —=— N =50 -
- —— N =100 | 'EJI
0894 —— N =200 1
—— N =400 1
089z -
048390 - il
1
03 B oF o8 0.9 11 &

S
| o o .
Hivmeg = —E 2, (Jrﬂ_;'_l_ﬂ_i'fr‘:'jl_hzﬂé
o 2 (52482 1
= 5 (ST +87) - 205+ 3
2

(S*— 82— N/2)-2hS..
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Summary

N

L/

1. We establish a general relation between the fidelity
and dynamic structure factor of the driving
parameter

2. We can learn the universality class of the critical
phenomena from the Fidelity susceptibility.

3. Fidelity susceptibility and bond-bond long range
correlation can also describe the topological phase
transitions.

4. We propose a density-functional fidelity and use
reduced fidelity to study the quantum phase
transitions
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