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A physical phenomenon can be understood from 
different point of view. 
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Introduction: QPT

Thermal phase transitions: which is described by non-analytic 
behaviors of the thermal properties at the transition points, driven 
by thermal fluctuation.

Quantum phase transitions: driven by the quantum fluctuations 
and are described by the non-analytic behaviors of the ground-
state properties at the transition points.

High Tc superconductor

Mott-insulator transition in Hubbard model. 
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Introduction: QPT & quantum entanglement
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Introduction: QPT & quantum entanglement
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The extended 
Hubbard model
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Introduction: QPT & quantum entanglement
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Introduction: QPT & Fidelity
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Introduction: QPT & Fidelity
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Introduction: Loschmidt echo in many-body system
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Introduction: classical fidelity
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Introduction: quantum fidelity

Example:

Axioms 
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Introduction: traditional method

Landau’s symmetry-breaking theory
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Introduction: information perspective 
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Introduction: information perspective 
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Introduction: QPT & Fidelity

Ising model
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Occurrence of the quantum phase transitions

How does QPT happen for a general quantum system
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Perturbation method in quantum mechanics

Fidelity susceptibility
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Fidelity susceptibility: what is the physics

Fidelity susceptibility = dynamic structure factor

Perturbation method in quantum mechanics
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Fidelity and dynamics structure factor

Fidelity susceptibility: how to compute

To higher order
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Extension to thermal phase transitions 

Fidelity susceptibility: extension to TPT

You, Li, and Gu, PRE, 76, 022101 (2007)



ITP, Department of Physics, CUHK
26

Content

I. Introduction: quantum phase transition, fidelity 
in quantum information

II. Fidelity and dynamic structure factor in the 
ground state

III. Fidelity susceptibility and universality class

IV. Fidelity susceptibility in topological phase 
transitions.

V. Density-functional fidelity and reduced fidelity

VI. Summary



ITP, Department of Physics, CUHK
27

Application: the Lipkin-Meshkov-Glick model

Hamiltonian

Ground phases (ferromagnetic)

1<h 1>h
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Application: the LMG model

If h > 1

The Hamiltonian in terms of bosons

The diagonalized form
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Application: the LMG model
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Universality class described by the FS

The fidelity susceptibility

dLN =
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Application: asymmetric Hubbard model

Scaling ansatz: d (adiabatic dimension)
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Application: asymmetric Hubbard model

Universal function

Critical exponent
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Application: the LMG model

If h > 1

If h < 1

Exponents
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Application: asymmetric Hubbard model
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Application: asymmetric Hubbard model

The schematic phase diagram of the 
asymmetric Hubbard model
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Application: asymmetric Hubbard model
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Application: asymmetric Hubbard model
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Application: asymmetric Hubbard model

1     ,30 == nU
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The Kitaev honeycomb model



ITP, Department of Physics, CUHK
41

The critical fidelity susceptibility
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The critical fidelity susceptibility
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The critical fidelity susceptibility
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The first conclusion on topological phase transition

The fidelity susceptibility can be used to witness 
the topological quantum phase transition in the 
Kitaev model

Title: Singularities in ground state fidelity and quantum phase transitions for 
the Kitaev model 
Authors: Jian-Hui Zhao, Huan-Qiang Zhou, arXiv:0803.0814

Title: Scaling of fidelity susceptibility in the ground state of Kitaev
honeycomb model 
Authors: Shuo Yang, Shi-Jian Gu, Chang-Pu Sun, Hai-Qing Lin, 
arXiv:0803.1292

Fidelity analysis of topological quantum phase transitions 
Authors: Damian F. Abasto, Alioscia Hamma, Paolo Zanardi, 
arXiv:0803.2243
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The bond-bond correlation

Fidelity susceptibility

Bond-bond correlation function
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The bond-bond correlation

B phase:   decays algebraically

A phase:   decays exponentially
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Beyond the pure-state fidelity

1. Fidelity per site

2. Operator fidelity

3. Density-functional fidelity (SJGu, preprint)

4. Reduced fidelity (Zhou. Peres. Wang. GU)
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The density-functional theory
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The density-functional fidelity
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The density-functional theory
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Example: the LMG model 
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Example: the LMG model 

For the LMG model, the density-functional fidelity is the same 
as the pure-state fidelity because the LMG model become a 
single-particle problem in the anisotropic case. 
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Example: Hubbard model 
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Example: Hubbard model
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Example: Hubbard model 
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Example: Hubbard model 
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Example: Reduced fidelity 
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Example: Reduced fidelity 
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Summary

1. We establish a general relation between the fidelity 
and dynamic structure factor of the driving 
parameter

2. We can learn the universality class of the critical 
phenomena from the Fidelity susceptibility.

3. Fidelity susceptibility and bond-bond long range 
correlation can also describe the topological phase 
transitions.

4. We propose a density-functional fidelity and use 
reduced fidelity to study the quantum phase 
transitions


