I N . !1£1
I::-.-:;,;l;;é";';: ’.L '-f-!-‘) j:h '&-

2019 Jm il L &

Shanxi University

A

— 2 v B B SR R P ) 2R AR R A

fEES,
$5 SHUT
R
Hsersia
S5 B 1
54 IR

@%%%@

&R

Yy i1 TR B

2016 %9 A% 2019 £ 6 A

—O—LFEASH






LAXE

2019 BRI ZEAe 3

—YEHE A B SR A I 2 TE AR AL

~ —_

fEEER 2EWAW
BSHIT  HRERE sz
FREW  RESYH

Mxrmm  RIE T
IEFRA AT IR

ZIER S 2016 4F 9 HE 2019 £ 6 H

—O—LENH



Thesis for Master’s degree, Shanxi University, 2019

Anderson Localization in One-dimensional
Quasi-Periodical Lattices

Student Name Hongli Huangfu

Supervisor Associate Prof. Zhihao Xu

Major Condensed Matter Physics

Field of Research ~ Cold Atom Physics

Department College of Physics and Electronic
Engineering

Research Duration 2016.09-2019.06

June, 2019



H X
vl OO I
ABSTRACT wovteeeeeeeeeeeseseeesesssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssmmnsnsssssssssssssssssssssssses 111
BEEE ZEID oA AR AR RS R R RS 1
L1 BB R0 oo 1
L LT BV B oo s 1
112 B DRI EETR oo eeesseeeeee e eeseseeees e 2
113 T oo 2
12 TETF BT ooeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeee e 4
121 JEJF oot 4
1.2.2 G A AR SR R 2B RRAETY e eceeeeeeeeeee e 4
1.2.3 ZAERRTIRAG AT SZIRTZII oo 5
128 JEFEIZRI coooooeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeseeeseeeseseeesesssessseseseeesssesseseeeessseeeseee e eeeeeseeees e 7
BRI 22N 1 oo 7
131 ZABSTIBAL oo 7
7 NV = = S 8
FEIE —HEHERIRBIITTIFRRE ..coooocceeeeeeeetssssseesssssssssssssssssssssssssssssssssssssssmsssssssssssssssnns 9
00 T OO OO OSSO 9
2.2 AUBIY-ANAIE BT oot 9
2.2.1 Aubry-André BERY TSI oooooooeeeeeeeeeeeeeeee oo 9
2.2.2 Aubry-André FEI FIIETE ..ooooooooeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeee e 12
223 FEHFIXT T TTVZZ oo eessseeee e 13
2.2.4 TR AT FE AP BRI BB cooooooooeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeee e 13
2.2.5 BEAEVEREIE <ooooooeoeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeee e 15
2.3 HATERBRIDI U R BRI oo 15
2.3.1 J7 X Aubry-André BRI e 16
2.3.2 KREBRIERET oo 18

2 LN e et 19



— S ) A v ) AR AR R A

F=F —HERRARIBPIEE FITHNETBZRIL e saes 21
3L TAT 0 oo e e e 21
QIR L ) T~ 22
RIS R Ry LB ai 2<% v BRSSO 22
B N e 27

TR LB S R oo eeeseeesess s s s s s s s e s e e s s e s e 29
AL R et s e e e e s s e 29
A B oo e e e 29

BT XTI oo s eeeeeseesesee s e s e s s e s e s et e et ee e ee s e s e e e e e e s aee s e s e s e ee s eesaeees 31

KOEF N EABI S IR B R R E SRAHIIITE oo esesssesssens 37

BB BT oo e e e eee s e e e s e s e e s e e e e s e e e e s e e e e e ee e s e s eee s e e e e es e s eeeaeseaesaee s esaeenanes 39

NI NCID NS =3 5 1= WO 41

T T A e e s e et e ettt ee et ease s e e e s ee s et ee e e e e easeaseaseaaenan 43



Contents

Contents
CRINESE ADSEIACT ... sa st I
ABSTRACT ...ttt eeastssssee st asssstssss s tsssssssssssssssssssssssssssssssssssssssnssssssssssssnes 111
Chapter 1 INtroduction ... asasess 1
1.1 LAttiCE SYSTRITIS . ..vieiiieiicieieiecie ettt sttt 1
11,1 UREa-COld QtOMIS. ...ttt 1
1.1.2 Bose-Einstein CONA@NSAtION............cuuiuriuriuririieieiieieieiecieie et cseees 2
1.1.3 OPtICAl LAtLICES ....vvveiiieieiie ettt 2
1.2 DISOTAET MOAEIS ... s 4
L. 2.1 DASOTAET ...ttt 4
1.2.2 Anderson localization and Anderson model ... 4
1.2.3 Experimental realization of Anderson localization...........cocoevevencircenincenceneeeeenenne 5
1.2.4 MODILILY @AEE ..ottt 7
1.3 Many-body PrODICIN .......c.cvueiiiereeire et st 7
1.3.1 Many-body 10CAlIZAtION ........c.cvuriiriiene et 7
1.4 Arranging of thiS artiCIE.......covuuiuiriiiiiircicic et 8
Chapter 2 Disorder models in one-dimensional optical lattices.............ccccoeeeverrrrvcncncnen. 9
2.1 TETOAUCTION ..ottt h bbb 9
2.2 Aubry-André MOdel ........cooviiiiiiiiiiiic s 9
2.2.1 Realization of Aubry-André model.............oovrirrrireseeses s 9
2.2.2 Duality of Aubry-André model...........c.ccocvieiriirniinisensese e 12
2.2.3 Exact diagonalization Mmethod.........ccocvuiuiinriniierineineerseese e 13
2.2.4 Effect of disorder on ground States...........coovrrerririeiriinieisrieeses s 13
2.2.5 Features of full SPECIIUML.........ccvviiiiciiee e 15
2.3 One-dimensional quasi-periodical model with mobility edges...........ccccovevvirirrirninnnce 15
2.3.1 Generalized Aubry-André model............cccovvrirerriesieeee e 16
2.3.2 Long-range hopping MoOdel...........cocvumiiriiriinririeinciesieesse st 18
2.4 SUINIMATY ...oovniritieicie ettt 19

Chaper 3 Mobility edges of bosonic pairs in one-dimensional quasi-periodical



— G ) A v 1 A AR R A

JA I CES ..ot — et e et a————aet————aaa—————— 21
3] IETOAUCTION .ottt ettt e e et et e e e et e e ee e et eeeeeeteueeeeeeeeenaseeseeeeneeeessaeaneas 21
3.2 MOdEl AN IMETNOM. ...ttt e s e eeteaeeesesneeeetsaenesesneneeesnenenens 22
3.3 Mobility edges 0f DOSONIC PAITS ......ccvuriiriiiriieieieeieie e saes 22
34 SUINIMATY ..ottt 27

Chapter 4 Summary and OUtlooK...........ccoo it ssesesnes 29
AT SUIMIMATY oot es st s e s st esnennsees 29
.2 OULLOOK ettt et e et e et et ea et e ee e et ee e et eaeee e et eueeeeeeaeee et eee e eeeeeneeeeeaen 29

J S 13 =) 1 LS U 31

ReSCATCH ACRIEVEIMEIILS .....oouveeeeeeiiiiieectteteceesteesressessseesseesseessesssesssesssesssessssessesssssssessssssssssseens 37

ACKNOWICAGIMENL ...t b st ns 39

PeIrSONAL PrOFILES .....oooueieneiieiiiiiieieeiteceeetcstessresssessesssessssessesssesssesssesssesssssssesssesssesssesssesssssssesseses 41

Letter 0f COMMUEIMENT ......coviiviiiriieiireerteiteiseesreesresssessseesseessesssesssesssesssessssssseessesssssssessssssssssssens 43

AUNOTIZATION STATEIMEIIE ......eeeeeeeeeieeeeccceeteete e ssaee st e s e s e sssesssesssessseessssssesssssssesssesssesssesssens 45



LA

bR

YR T T I S LA AHO GV 20 1 BOR TTRE 1 74 IR -1 B — BT OB 2 40, Ty
FESELG b SN 0 — 9% PRI 3E BRI T 78 70 O BORE £ o S B3l 8K IR 14l B
F 1 2 FEOE B AR T T R 6 S ks ORI SO A TR T I FEE T . B “ 27k
JisAL” SRR, ARG I BENLE GG dtg . RIS T A ER,
Ry RIS RS, BN & BV AR R T REE O B R, K
BRUECPE 2 ) RSB EOCE RN R AL, RWE RAE T BRI SR . Bk, T
R Z R T T2 Rk0E, BN A2 E L TR &R P 24
AR .

Aubry F André TR T 7E—4EAE DG S A% P AAE 22 AR R b A% A, i
FINIEA FERIAEAIAL 23, $2 3541 Aubry-André(AARERL, G T AT AA i
TR FE R o AR SCAEH T 3L AA B DL JOZ B R BRI — Lo M . AA
WA — DN RIRER SN T=1, QYN J<Ii, KIESETLTY RS,
N>, A RESH R RS . RSk, RMESEE 20 TRIRHE. B,
AA BBIALFAEIE RS 200 o 383 R TR A A 27 34 RS s (R PO R, R T — R4
HEIH AA B, FOT RS 2800 BA a1 T A 2

ERRUENTT R S EE IS 2 — B2 RSN G . R A EAE
MMTF RGH, AR 4EEREE 7T EREE, Bk 2 4T #2120 017
FEVE—ERAFF I A . ARSCHE S T AR EAE R M — 4R I S kg, B H
TR B AT B 10T AT s i e, TS Bt e ik, #BuE b, A
PRGBS AT, I Hal v AR N AES IR HES 53 (NPR) H13 2 8B 45
ST T SH b WO RMERS, B XHT R b M BUE A R 45 . b=0F/N b 1
WUR, BUESE RAENTEE B A . B, p=oRf, ITBRUNN~-1/E, FEEM
HAERBERE K, RANY REXEATEEDEZHE R Lo WRT, MR
G A DX RN Jey 3 X3 NPR EASOR SH o0 #T, §7 AR NPR {HIERF1/L,
LT —ANERRME; REESH NPR BT (1/0)?, #&iET 0. fEb -1, HHIAZ
RELH, T RIE 2 A TG o SRR AT 25 R ] LT 24T #8 283 T AL BT

KU O ZERRE; Ty, IERL, ZARREL



— S ) A v ) AR AR R A




ABSTRACT

ABSTRACT

The realization of ultra-cold atoms and cooling atoms technology with
laser have opened up a new field of researching on cold atom physics,
providing sufficient technological preparation for the experimental realization
of Bose-Einstein condensation. Experimentally, atoms are trapped in the
optical lattices formed by interference of multiple laser beams to study the
physical properties of ultra-cold atoms. With the introduction of the concept
of "Anderson localization", one introduces the disordered random potential
into the optical lattice, and finds that in the absence of the disorder, the
particle exhibits an extended state, of which eigenfunction is Bloch function,
and as the disorder increases gradually, the wave function exhibits
exponential decay in space, which also means that Anderson localization
occurs. Therefore, it becomes a focus of attention which will contribute to
extensive investigation of Anderson localization in other disordered systems.

Aubry and André predicted that Anderson localization also exists in
one-dimensional quasi-periodic optical lattices. They proposed the famous
Aubry-André (AA) model by introducing the incommensurate on-site
potential which aroused great interest in researching on AA model. This
paper shows the classical AA model and some properties of single particles in
this model. The Anderson localization transition point of AA model is at
A J=1, when)/J <1, all eigenstates are extended and when \/J>1, all the
states are localized. At the transition point, the eigenstates exhibt multifractal
features. Hence, there is no mobility edges in AA model. By changing the
forms of the on-site potential and the hopping rules between sites, there
emerges a series of generalized AA models with a simple expression of
mobility edges.

Mobility edge as one of the most important concepts in the disordered
systems which draws great interest all the time. However, the existence of the

many-body mobility edges in the interacting disordered systems is still an
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open question due to the dimension of the Hilbert space beyond the
numerical capacity. In this paper, we obtain the effective Hamiltonian of
particle pairs by using the perturbation theory and obtain the mobility edges
of the boson pairs trapped in one dimensional quasi-periodical lattices
subjected to strongly interactions. And we get numerical results by the exact
diagonalization method to calculate the standard participation rate (NPR)
value of each eigenstate. The numerical calculations finely coincide with the
analytic results for »=0 and small b cases. Especially, for 5=0 case, the
mobility edges of the bosonic pairs are described asA~-1/E.The extended
regime and the one with the mobility edges will vanish with the increase of
the interaction U to infinity. We also study the scaling of the NPR with
system size in both extended and localized regimes. The NPR of the extended
states n(E)«1/L with the increase of L and L —> o, p(E)tend to finite
value, while for localized case, 7n(E)«<(1/L)* tend to zero when L — .
b—1 limits are also considered. Since the modulated potential approaches
singularity when b—1, the analytic expression does not fit very well. We
hope our theory will provide new insights for studying the many-body
mobility edges.

Keywords: optical lattice; Anderson localization; disorder; mobility edge;

many-body localization
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MNEE TP HIA SR, S5 AR & 1 ) AR R eI . s, —
RPN UE R 7 2Rk . 45— J& Anderson B, ks S RE B BENLIRIE %
AN, RXAESER FIFAFEI. 5 — A2 Aubry A1 André AR KT 1980
SEHE AR B A (A A R R IO AR I A SRR SEBLE Y, B ST T AR HE Y
AA RIS ZASER ) T RIR T P AN L B A BB (0 % A A B I . 7E
WG G PP B — AR AE, B B RS RS . 2008 4,
Roati S258/NH B8 — IR DI ARV R R g AL T AA BEAY, JF HOW 2] 1 B 211
ZIEREHBAIERM, X —, RAOEENHE AA BRI UL E AR, e
() R TE 0 REAS IR R LK BT AREAS RE T AR IR S . AA BEAY o i ¢
AL R s AL R — DN EEF &, B, AMIAETE AA BRI A
fifh A2 AR TR B A TC AR, BIANTE AA B BN p PRECR T, 28
FHRAIE FC B AR R Al S0 I FAR A8 s (e AA BB i N2 R AR BLAF H
SR 7T 2 M R A B A 2 L IR — AT R TR A AN T LRI AA BERAR A5 5
P EA TR 2 e R, I HNEE B AU _EI0E T Bk ARz A N
TR,
2.2 Aubry-André &%
2.2.1 Aubry-André ¥R B S2IR

AA IR LURIA B T 10— G B SR Rt R0, TR b (03 T IR
BILESN S8 v () HOF R BIBR S AT, SRR TS R

a=[ d@*(ﬂ[—%w +V<x>]«&<x>+§4ﬁ;—shz [l (0 ()b (i) @1)
S, s BRI, 7 (0)(900) BRBEOLTIIFEE. GBI SaBidt, R
TR G KRR [D(x). 0 (x)| =1, SV (x) IFRAE YV (x) =V (x) 4V, (x) > o,
Vr (x) NSRRI VE BB, v, () R B 2.1() v (x) I 1R

©



— S ) A v ) AR AR R A
ﬁﬁ%?ﬁ"]'fﬁﬁjt, Vapt ()C) Hﬂ%%%#ﬁ%*ﬁ'éﬂ}ﬁ[’jl], EEE%% " (x) = SlER1 sin? (klx) ’ ﬂ%
TR T —ANERBAEE, WEH 1, (x) = 5, Ep, sin® (kpx+0) BIEE T TP,

V(x)

(a) ()]

_']J,J'i‘l

X

B 2.1 @4V (x) = ER, BaEHELYV (x)FAFRESV,, (x) BR
(byks T 72 dh 4 o B3k 0 7 & B Y
TR EBA&FH TN A T PR B0 S 3
Vot () = Vi () + V5 (x)=5,Eg, sin® (kyx) + s,Ep, sin® (kpx+0)

= 5 Ep, sin® (kyx)+ 5,Ep, sin® (ovkyx+0)

(2.2)

Horbrs SEUUSPIBER By = 12 /2M0P AL T HIRBE, k) = 2n /0] () = 1,2) IR
B, RO, o= M NPIRBOCK Z BIER, o RIFQEREL N T
B R R GEAE T 2 I RN L ORFF IR I, B B a=(V5-1)/2.. Wi 2. 1R,
R SE LT A% R B
WHF AN E T I BT s, =0, HRXNQDARMES A EH (Bloch) K%L

AP SR, AT IS ARSI ZeE 2 & 7 AL FLJE 2K (Wannier) PR #  w (x —x; ) » FURRAEZ &
IEALE A B RA B LR E. PLJE /R R BORA IS MEAE Sk A, R, H AR
g A B R TIRE . ERERIET, RITEOHER §(x) F17 (x):

@(X)IZCA/W(X_X/) (2.3)

B ()= Y (x—x)) (24)

&t (e)) RITBARIETH A BRITRE GERD B4, SR FX 5% &
énd) | =8y 2.5)

[e.¢;]=[el.ef]=0 (2.6)

T FTFP R s, <<, IR R R AOh e th 3 Sk 7 A 1 35 el MELI
PrERY, AR U R A TR AME AN S R AR R AR, R B 3 B (K R 2
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5 21T THI PG 2 4 =«
H==Y"Jéle; +> rele, +3 Ayéle 4—§jUwh@gqc (2.7)
u,j u,j u,j
XERATE LT LN &
Juj == [’ (x—x, {———V2+QE&$H(MH w(x—x;) (2.8)
T = [’ (x=x, W (x)w(x—x;) (2.9)
&J:&E&f&w%xf%)mﬁumxwyxxf%) (2.10)
Ul o =278 [ g (3=, ) (3= 5, o= o= 5,) @.11)

FFRQ. )R — TR T 57 G 5w BRI 21 TR AR R, w2/, WE 2.1(b)FTR
RLFAEG S kg TP BRER (7 B BRI LER o, 5 AN TR 25U FG JE 7R BRI 28 B B B A1
X BERATR G AR AT 7, R S O i AT s i, RIS a4l 2
)R BRIE AR o T A b IME TR BRI AR, Sk E 8 a =2/ 2, BRRAREL, &N
5k MR R T o X T u=j 5N, g, BERRE— S ReE N A%, X0 T Fr
A FBAHSE, B AT LR . thAh, 5 ., AR AR R AEAN AR MU R, R
VBB IR G NN w, , -G RS U RBERIE Jh/ (M, ), FRIESIELL, JFH
WATTENE — R SRR, TR JhT (Mwr) < a » K208 A B TTER

FRQDTHE=ZDR BB THETFH. AT EE, ATELREH=MLR
sin? (akix +0) = (1—cos(2akx +¢')) /2, o =20 o Kb R RACNGEN(2.10) MR H
&, nJLAFE):

Ay =228 [ s (x— x, Jeos 20k +¢ ol x—x; ) (2.12)

[FIRE, X RRI S, QAW EETTER R u = j B RN T[] e R
ft% o FAMEU N2, 2y =x-x K22, 52

s E Ry

Aj = ——fdycos 2ak1(y+xj)+<p/]|w(y)|2 (2-13)

FERRAE T, R /R B R, %« — ja, JFIEHI =2

cos(2akiy + 2aky ja + ") = cos(2maj + ¢’ )cos(2aky )

2.14
—sin(27raj + ¢’ )sin(2ak;y ) ( )

11



— S ) A v ) AR AR R A

RANQR.13)x, HAFHAMFRYE R LM IEZ 5, R(Q2.13)% N

Aj :_#cos(Zwaj+<p’)fdycos(2ak1y)|w(y)|2 (2.15)

hY PEISEY E 4 g Al
Bo=yp +r, FHENN= S24R2 fdycos(Zozkly)|w(y)|2 , BB — I FIUN:

Ay = 2Xcos(2marj 4 ¢ )6, (2.16)
I 2 & R AR AL, PR AR e I, RN E Eu=j=1=v, MHEAEH
SRS A

4ra h? 4
U =U 5= 50 [dxlw() (2.17)

2
Gu = BT s BRI R L, HA B

=N

H =T3¢ + At +%Z’7J(ﬁ/ 1) (2.18)
j j

Hrf, A =2xcos(2maj+ ), iy =éle; MR BRI TESEART. Qu=0, LKL
B IR (Feshbach) JEAREARP Y J5 78] (M AH BLAE IR AE, 13314400
Aubry il André 5230 S RERY, B AA BEAY, IX BRI RG SEAER ROR O

Hy = —sz: e + zj:x,ﬁj (2.19)
A LK FLARE P AR A L 28 A U8 A P IR A TR 7 B2 s v s
2.2.2  Aubry-André R BN

AA R BB [ 5E A RE E 15 7 RE R 5N

—J(¢(j+1)+¢(j—1))+2Acos(2maj+¢)o(j) =0 () (2.20)
o(J) AARTESTES j MG B LR IE, 1980 4, Aubry F1 André #8301 A8 #e
@(j’):;ez”"“f’f'qs(j) (2.21)

F22D)I AN 220020, A S p=0, AL RI0Q2.20) R HE 12
Me(j +1)+@(j —1))—2Jcos(2ma;" )@ () =e®(}") (2.22)

Horpr, RO A A% SRR, () S M AN SRS A% LA o
XFEE(2.20) 7 0RN1(2.22)30, AT RE R A A R S5 H o 438 R KIAE AR B 22 [B] Ak T JRy 3
SN, XA T RS, R BIERE], (N =728 RS RS §)
FeAZ R

12



FoE AU T R

223 BEHTALEE

R RF T A A 7 V2% A2 15 30 s s il i AN AIE A A N 8 R B BB 7 . i ok, A
Brh S S R PR S, HIR, e AT A A AL B S 5T PAAS B A AR E AN A AE
TR (2200 AL EELLy , BEREEE, BRI EN .

60 +1)=0(j—1)+ 2 cos(2ma) +¢)6()) = S6()) (2.23)
(2.23) 5 MAERE L, S B WU A -
2N/ Jcos(1% 2w+ ¢) -1 0
Ho —'1 2)\/Jcos(2:*27ra+<p) _01 (2.24)
0 0 —1 2X\/Jcos(L*2ma+¢)

MBS B R R (2.24) A A ZE3RATT BB T SR BT 34 56 A o 42 T )5
AT T >0, FHAL=601, XTHKMRTHELIFILE R,
2.2.4 FoF X £ 7SR R A F 00

DR, FRATIRBHEFE H PIRHEERRHE R . B 2.2 EFRATR A SE R H 5
PR BACRF I ST RV AT p; =160 )P > () RFES TR j AR LA I
FER 2.2(a) 1, FATE H R TO PN RS B, IEW AT IR IR, fERA TG

0.01 0.03

(a) (b)
0.02
< 0.005 &
0.01
0 0
-200 0 200 -200 0 200
| J
0.5 1
(C) 0.03 (d)
= 0.25 ’L J\ < 0.5
0 |
-100 -50 0
0 T L T 1 1 0
-200 0 200 -200 0 200

j j
B 22 A%\ JBRAREMER, XK BHHAEFNR S LOFEL,H
@A/ J=0 (b)A/J =09 ()N J=1 (N/J=11, o=7/5
HIE LT, B9 L AT A RS . B3 0 An, BB 58 BN B A Bt i U6 AE

13



— S ) A v ) AR AR R A

KRR TE ST RAEREN . B 2.2 (b)NA/J =090 FIESEE, 1 LIKIE
BIEE A Z N EE, KUY R AR ENFRIREZ . 2R, BB R
TEFTA mkg By R, R, SR TH RE. B/ =10, ISR ICF RME
MR FLS B A, B 2.2 )X MR/ J=1, F22 (@ NTA/J=1.1. Mixst
FREAAMERT R, A/g =1 8T RAR RIS LIRS, s B3 R A
BT RS, WA T RS, MRAEIEZ IR, B 2.2 (of/MEERR
HHE) M A3 101 A s FERITBOR . A/ J = L RN B PRI KB, R AR
W2 IR, Kl 2.2 (d)H AT UG B RS e R A S 4 R T — Mg R, AR
MRV ERGET 1, MR B3R Bt T RIS
FE 48 I8 Jy sk A e AR I, SCHR TP T2 — AN SRS 5% (inverse

participation ratio, f&jic ¥ IPR). X T —MArAER, IPR € XN:
AR

[S7|

IPR 4t T 986 50 48 ORGS0 B4 3T A I, TPR B J S Aok
ETE, CHEKANUL: TATREE, PREAERANE, HR2mER
Ge RTINS | I, RESET- A H 0SS . PR BT LAFI K
) BRL TR BRI AR 1) 2 SR IS I R T RS . B 2.3 N ARSI AU IPR H 5S4
AT R, B SR 100 AHIEE o BEBUHHE T . 72010 <1 B,

IPR(¢, )= (2.25)

1

0.8}

0.6}

IPR

0.4

0.2}

0 1 > 3 4
MJ
B 23 AA56 IPRAE AR N/ J AT

14



BE YRR T AR

IPREITT 0, TA/J>10F, FEETLFRERIER, PR FEBREELT 1, 7
JRE L A AL PR HEAT — N RAE, XAMFEAETS IPR OB FT R 3 AR ) — A
IRUFIIZHL . IPR M2 X PR IRAT A2 3t AA YIS A5 Y S R A IBA ) B e 5 R
Ol ORI, 475 FE YOI AR ARG A, 1 4% I 2R 2 RDKg H B B 8 1) 1 B BT,
2.2.5 ZHEIBFHIE

X, BATE BRI RE, il 7 AA RS, IPREFESH N/ J A
AR, B ERR—mEEos IPR FME, BERERT RS, WERR IPR 1
EEET 1, R 58 RIBIER S B O SEELRY RAB RIS AL
Ma=J, REGER, BOELLUNRSEEHLETY RE, AilmpesaiftT
JtAs . B 2.400)017R, AA BRI AEAEIT A 80, O SER RIE A A/ T =1,
Kl 2.4 (it | AA BRI fUAL KRS 528 o REL MALe=0. fERT
T E S, ATRIE T o BIEA M, Wa=(v5-1)/2, XEEN—NEZER
ael0,1), X J=1Kf, f&i%EN Hofstadter gt e 14041

4 8 0.9
,(3) £ (b) |
pis extended localized et 0.8
7] R o
¢ 0 :.:I ‘éf ,g vl};z‘ =0
-“rf -- ‘ : ‘ 1'.~
T 3
Y
-4 5
0 0.5 1 0
o M

B 2.4 ()it % A% o 89 T AL (b)IPR AR A4\ / J A= R AR 69 AL
23 BATHFRON—4EERHIRE

I 2 1 22 AR AR AT AA RS AEAEE RS RIA N, X—1, BAI0a
JURh B IR 26 10 ¥ — Y R RO 118002 AA BRI HES BEAL

15



— S ) A v ) AR AR R A

2.3.1 [~ X HJ Aubry-André #& 8!
X — /NIRRT EFs AA BRI 22 ARS T E R0 — AR, (LR RIRN:

A =2 cos(27raj + so) (2.26)
J 1—bcos(27raj+<p)

be(—11), A 7Eb — £ AR, b — o WHRATERFIN AA BUH. ZHUHF,
KT MR 7 R T LS -

—J(o(i+1)+0(i—1))+No(i)=eo(4) (2.27)
Iy cosh 8 o _ sinh 3 Y
¥g=2 tanh G » 1/b=coshf - (ﬁ)_coshﬂ—cos(Qﬂpa—i—go) > W2

cos(?wap + <,0)

1 — beos(2map + ¢) = gx, (8) — 2\cosh 3 (2.28)
(2.27)3E B 5 el ~
7J(¢(p + 1) + ¢(p - 1)) + 9x, (5)¢(P) = (5 + 2)\coshﬁ)¢(p) (2.29)
M x, (8) W5 :
o b

Y, (8)=

(¢ 4 e7) = elomte) 4 e (2.30)

o0
_ Z efﬁ‘s‘eis(pra+go)

Lo JA>0 FHAp=0. N, FADESWFXEZR, EXNMLHET, TH2.29)
& B XA
Fk) = SoePmelimemitinly 1 (56 p) 2.31)
E X vy = >, €% Pu, 5 2J cosh ész: e+2X\cosh B, w=2Jsinhfy ~(2.29)3 i [F)3fe LA
e, FERE p SR, F3E:
M (B )y = 9> e My, (2.32)

FIREHL, (2.32)FN LRI Lh e, FEXS joRA, FHHIE X w, = 37 ™5 (),

(CEIP
wx;,! (ﬂ)wm = gZefﬂO\m*S‘ws (2.33)

B, () = 5 ety (2.33)RPILIFTR BN et Ikt mR A, (3E] T %

16



FoE AU T R

T £ (k) W R AR .

sinh 3

_J(f(k+1)+f(k_1))+gm

Xi (8y)f (k) = 2J cosh Bf (k) (2.34)

%0 =0, SEBERMABAMLL, B (k)52 BMER. BRARRWITHE
ESUlSE

b€:2sgn()\)(|.]|f|>\|) (2.35)
BRI BTHES, BN > 0,IEB RN RE X A:
be = 2(J — A (2.36)

A b, RIFASHIXT AT VR SR AIE R B AU B AR, 5 H RN X B
] IPR fH. K 2.5 mH T IPR FESH» FIREEARNEEH ¢ AL, J=1p=0. EIFE
N TR IE R RN BB S AR R, WESRFRRITBRAREL, |
(2.36)x, B B —m MR IPR 11E, BEERY RS, HRHGERRHEE,
ME ERTRLE H, FRATI BB &5 ST 45 RAT A AR GF, T F i 56 2 ot
P RS RIRA X 0 JF K, W SRl FRAaAUE R, W E sy P2y
JERS . XFIXAMEAL, b= 0 XN RS AA R, & 2.5 () b= 0RFHERS ) IPR #B

10 . s
(b) A=1.1

10

(a) A=0.9

b b
B 25IPR fatdp e Ajifb e oy g i, BEFRATHED
I T 0, BARITERSELTY RES: 2.5 O)EH b=00 525/ IPR #2 —NEH R
KWME, BEREAEMNESELREE. X5FATIHRRIM AA BA 28R R

17



— S ) A v ) AR AR R A

(P R A 2 -
2.3.2 KFEEKIF1ERY

BRI TEA AT R AA SR PRET IR (0 (s el By, e i
TSN

>0 Sie (1) + 2xcos(2ma + @) () = e6 () (2.37)

Hift, Ji—er, p>0, XEPGTR AR RIEA R DOET, BRI I 38 B R 5
SR R, RIS HEE RIS S, T AA R R A, 3 LR AR R A
ENXBH py >0, TEMF

(e+J;1)—2Xcos(2maj + @) = w'T; (2.38)
_cosh( py)—cos(2maj+¢)
U N (2.39)
Hrb, w2=J(c+7)—4ax7, H(2.38)F1(2.39) =cosh(py)» (2.37)RAEN:
WT6 () ZJle pli-i \¢( ) (2.40)
PR AR
= e o ) (2.41)
XULP >0, ﬁ
T]‘l _ Ze—p\m\eimumjw) (2.42)
HARN(2.40)x8, 733
Wil EJe ) (2.43)

Her, € X1, N:
cosh( p)—cos(2mram+ @)
sinh(p)

T, = (2.44)

XTH(2.40)F1(2.43)K, EQANKIPIZHT, WHRp=p,, 240)0XEBNETK. 5
AA BERTHEHZEREL, M p < poit, FIERISEREY BE: Hp>p i, NS
W REs. EBFUMFRERN:

cosh(p)== 42_)\']1 (2.45)

K 2.6 25 1 IPR BEJG /¥ 9 B A AL RE R AL, DLy, NREs AL, it SEE oIt
WAL RIRENTRE, W OSRE I ONY RR, AN REE. 2ih2.37), BEE p K
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FoE AU T R
HORIBR, AR B EEA M RIERE, p— oo, RGAEMR AA B, A
FAEERE R . XTLEMIE B AT 45 2R, W] DU I SAF R IXFE A S

09

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

0.5 1
M, M,

B 26IPRMALFRENF AL T, BEERANTHED

2.4 INGE

AR BEATHEG T R T RIS, N T ERSE P2 AR —AA
A, FE e TR N RGN, WL BE T AA B 1 R
FeAg i, JF H LIS MR N REAFAEIR RIL. #5E, WA 7THET 1 AA
A, HEGRRL, JEEm RGN H A T PR R BT Re . LR
WEFLEGER R, R — W ERAPRAT A AR A HAR KR O, Bt ¥
X AYIE RS 32 )
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B YA R P X TR R

FBoE —HERMAREPHEFIHNTERERIA
3.1 @&

60 AR, ZAEARAE—F bR G R RS EE P B T TE R 2 G I SR T R A
HIRSBIORE T, X — BRI N AR R IR, R RSB S S
[T K. EABA R A E NS~ REET RS SRS TR RN
100 A KT AL TR S IX I 2 i ST A A BN R RS X RN B G M4 AR

U, BREEEEIS AR H A R R R, NETESRAEGAEEE . =4 RG
TR TR —RER K SEUR M, TR, RGN LI 48 RE,
HAAMR RS RIS O REN 26T S RN I 71 2 h BN 2 (8 2% =)
CUERTIE VPSSR 2 S0 R

SO, AR AR ARSI AA B, R T S AN E R
HALTERT. BT AA BRI E R, BT RERSE, KRG ITA AL
SEAENREE AN RS, AR RL. BT AA HUGHT
WMo BRI T3 A PR, o — MR R R G0 BT, dnsg i aa B ERIE
TUEEN s 34 —Fh S BT B RO E B, ISR IR S A A
HA AR T rire . 28 7T ZR-EMT .

B ATC ARG Y, AR AR IR TC P A 4 b Q] 520 22 1 AR Ry 3 A0 3 — 1) it
—HEEE AT mlL Basko 5 NIRIBIELF RS, MEMERANZ ARG
KEPIFTE NSRBI T, BT T, MEERAANRURMLRS, FiR
GRS XTI, ARG U AL, BAEARMSHER. 245
SR AL A 0 22 R 3 e 2 A e T LR A B R B 2 e T B R A ) RBUAGES T PR
FEL AR, RGN RBAT I E AR AL ™, X T ARES AR
BOREX — U IR Z R, W—4EBENLE T R A P2 AR R, A
AA BRI —4E B R% (Fibonacei) ™" MRS, —ANEHEEMHEZ: £2
RS ARG R G ETERL? BRI EAS R FIREZ R RS TEAELD K
TR, (HRAMT RGN HIR], X w8 — AN TF e ], A A A4k
BARE

21



— S ) A v ) AR AR R A

AT R A — 4R A A% B BT A A M BT, FRAT
FIATIITT 543 2 R G % 2 gt Rk X, ERIE PR T RS h AR i,
HE—20 SRR A S R, RN MR R TR EEE L. &
A N AT I T = 4EBHLIC T R G0 HF R X6 (R A% 20 )

32 WEB R A

BATHE WA B EAER M3 78— 430 A B A B s h iz, &
SIS EWER DNRR NG = A, + 0, B2 2.3.1 WHRGH IMAMEAEHD, H
o

ﬁo:fJZ(é;éjHJrh.c)JrZ)\jﬁj (3.1

JFH
U:%Zﬁj(ﬁj 1) (3.2)

XL g RRRITEREE, TR AR =1, X A T AL AR 2 A BRI,
(e, ) NER jAKE SR AR (B R)BEAT, ;= ele, A j AV RUKTRL TR . 3
iy 2.3.1 TiH(2.26) 30, X BAHAL o = 0 A2 NS E b HIELLREL K be(—11) .
ATLVE b =L, 7ER& BB T LT S M AEERBUR . T b0=00, Ig%
WiE A, FIRIPRAER] AA BERL X T b=000150L, KT REA A, A 7ERe =M BN
R, ErER RN 2.3.1 T5(2.36): A H . FHEAERTIG.2)X B A G A4
HAERTER, Horb o A EAE ISR . A 25 563 5k T A R PR L7 % (R 1% 7%
MU B 5 FFA I RA T &5 R
3.3 WETFHREHRIA
RAMESEES TR LS N:
(Ho+U)|¥) = E|4) (3.3)

IR AR AT Gy = (E-1,) 5 FTRG3) T LARIR N |v) = 6,0 vy o KT BT
THOL, A AR BT AER REER | k) TEH, B0 =0 |kk)(k k| BB O
], FATHZ ), ) BT HEQG.3)Mil, 33

G(Jod)=UD (s Gr [k k)Y (k.k) (3.4)
b (4,7)= (G jlw) o TSR R BT AT LAFEBE B EE R |, 0y ) PR IR N

22



B YA R P X TR R

Ge =S (E—cp—ey Y |6,,80)byrs0y | (3.5)
Ho1) 6,0 ) A0 21 BOAHERS, MBI AE BERE A <) o BREDTRR3.4) T,

& ()¢ (J)9,: (k)5 (k)

(1 Gi ey = o= (3.6)

Srhrg, () FRE F AAAEAS T RS ERURIR. 4 7()=6(/.))
Ke (1) = (o1 Ga k) » G ATTRRGAR3.6), Bl 1A FETF 1A A 1
g/ ()= 2K ()£ (8) (3.7)

K jk=12-L, RIHEC=1/U . M TREEME/DNTIMHIAERPPR TSRS
(E<2g) BITEDL, AGHE CH A, XN TIRGI RS . T4 ReEE K T oM B
VEF B PIRL - B i BUR S BE B (E > 22, ) » A BAMEAE ¢ #ROMIEAE, XT R T-HE 2R
RS MEREL £ () BERERIIR RE RN £ HIWS] R LA R RERR RE 80N — £ HIFE R
WA EBMAEAER U > e F, Pt REMZE SN ETX, BAMYSRN
BRI E. W K (k) % ETRIFEIZRY, 53

, 1 21, 4A°+4) 2
KE(j,k):5j’k [E+ E2’ + %3 )+? . (3.8)
WNFHFEG.7), BHER
2 2 4)\? 2 4
EfU+U+EfUU+2M+7%fU)—E}EjﬂfU) (3-9)

BRI —HER T E~u | BIETXRER AU L. BT e SRRk
TH, REEBAGHRER RN <1, R4 — 411, TGN, 4}/ E~al/U
W 2 ToVE MG o I T 5B 18 b IUE BN S, FRATTRT UG i 2008 75 F5(3.9)
X an /BT LT ke B T RQ2)R, HRG.9XNEGMTHE
TEF RHET 1 AA BB BATAHRBUE R, R BRI LA g, = 2/ B, ARBILES
BRI Ny =20 o PRIMB T X0 T AS ZA0 ] A a0 R T R T i -
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