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ABSTRACT

ABSTRACT

Ultracold atoms are atoms that are at very low temperatures, and this
temperature is generally close to absolute zero. Experimentally, ultracold
atomic systems are often confined to various external potential fields such as
optical lattices to study their physical properties. Due to the development of
experimental technologies such as modern quantum optics, these systems
have good controllability and diversity and can be used to simulate very
idealized models. The ultracold atomic system in the optical lattice has
become a very important and effective platform for studying the basic
physical phenomena such as quantum phase transitions. For example, it is
often used to study superfluid, BCS-to-BEC crossover, and so on. At present,
many methods have been found experimentally to introduce disorder into the
optical lattice, and the phenomenon of Anderson localization in matter waves
has been observed. Therefore, the study of disorder and impurity effects
based on the ultracold atomic system on the optical lattice platform has
gradually become a hot topic in both theoretical and experimental research.

There are many ways to realize disorder in the optical lattice. For
example, disorder can be introduced in by superimposing an incommensurate
sub-lattice on a main lattice, or by shining various exotic speckle patterns on
an ultracold atomic gas, and it is also possible to load another relatively
heavy atoms onto optical lattice to realize disorder and so on. The physical
properties of the ultracold atoms in the incommensurate optical lattice can be
described by the Aubry-André (AA) model. Based on this model, it was
found that with the increase of the disorder strength, the ground state of the
system will undergo a quantum phase transition from superfluid to
Bose-glass phase. The Aubry-André (AA) model has gradually been studied
extensively, and many variants of the model emerged. One of the most

interesting is the off-diagonal Aubry-André (AA) model. In this thesis, we
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focus on the physical properties of the one-dimensional hard-core Bose gas
loaded into the off-diagonal Aubry-André (AA) model.

Ultracold hard-core boson gas is an ultracold Bose atomic gas in which
the interaction between bosons tends to be infinite. This is a very ideal
extreme situation, usually only theoretically studied. However, the magic is
that with Feshbach resonance and other means, this interesting physical
system was actually implemented experimentally with the ultracold atomic
system. In this thesis, we first introduced the exact numerical method for the
treatment of hard-core boson gases in lattices. Then, based on this technique,
some of the existing results of the Aubry-André (AA) model are repeated.
Next, we focus on the quantum phase transition of ultracold hard-core Bose
gas in one-dimensional off-diagonal disordered optical lattices. We mainly
analyze the influence of off-diagonal disorder on the ground state properties
of hard-core boson gases. Based on the off-diagonal Aubry-André (AA)
model, using the rigorous numerical calculation methods introduced in the
previous section, we calculate the many-body ground state wave function for
the hard-core boson gas, and calculate the physical quantities of the system
such as the superfluid factor and the correlation functions. It is found that
with the increase of off-diagonal disorder strength, the quantum phase
transition from superfluid state to Bose glass phase also occurs in the system
ground state. However, in contrast to diagonal disorder, off-diagonal disorder

can lead to Bose glass phase transition in a faster way.

Key words: Hard-core boson; Disorder; Superfluid fraction; Bose-glass;

One-particle density matrices.
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FURF I T 7 2001 4R35 DURPIBEAE0), )5, P)E% SR 7 — % BEC BT
], —HERSHS K. BEC WRMIRAFIRAMN A B BN EME X, mH
FERFHOG. EFeh. =LA E R A U8 3 = A R0
1.1.2 e RIEIR K

Ol it R 0 T IO S R R SO RSE B — R A, FTRAER B
HNEA T A RABAAE G AR B i ks RSt EIAMBOGHEART, Sl
A% 1R LR TR RT3 3o 0 B A ' i A 10 0T SR PR A ZR AT ey ok RE etk o IR Ol
A A IR T RS A AR M R . Hln, SR B0 AR A R LA E I
WOLHRE S Ao A BE AT DL I SO WO R 1) B3 BERAE ) BIPT. gk, 3@
A S SO R R SR E ,  DNAAFE G it b v AR V4 S U 1 4 B AE S 1 A rhm]
CAZHAS A = 4R B — 2 . B4 Sk C4 A8 il T VS S5 B 7 P i — A
FETHA, FIFHZAM T TG 7 LA & Fh 2 7R, TR ERER Sy
AR RLE R, R e A AR R P AR T

T S AR B TEAE W] LB B 3 It 20 80 AR . 1 1987 4, Salomon %5 A H
e )RS B REEIOG g Y, J5K, Dalibard 1 Cohen-Tannoudji fE¥ 12
PRt AT RAIE I P S A ) A R RO X T U B R N AR S 0, B — 2
I o k. LR R LA I K AN [F) 5 A R R SRS SR A, ] 1.1 o,
JE A = 2 b P T IR SZ (B

V(x,y,2)=V,sin’ (kx)+V,sin® (ky)+V,sin* (kz) (1.1)

MALFAT C LB SRR MM R 2y, =V, =V I, BRI =4k — %
[ (R RO Ak, 7T DU ARG B0 T R A 400 35 - AT A ASE Y B 2l oK - A Y 45 2



/5

ERE R A

R, 4y = <V, BT 2 EBRAE, BT SEHl 4 S Ak
V<V, =V., RITIRMELE y Rl BT FRREE, TRk AT BLSE B4k S

(@

(b) L

1.1 = tfede =2 dh A 7 & B
6 A T HE R SR T RGOV SR T — MR AR L B B S U
HAEAR AR, DRI AT DL SRATE 78 7L I SE A A o AR RIS 1) 7 2 S B O BRI R . VF
LI AN NI — EEY) I R GG e St R T B i iRk Faz—
21, ek, HF INEEAE D s vh R v S5 T R S8 W] LASRAS AN 32 22 85 B 0SB e
e PR 78 i e, A S B AR A I S IR R TR — A R SR ).

1.2 LIRS A

T AZ 3% €0 S AR S5 Tonks-Girardeau(TG) 544, H Girardeau £ 1960 £ IKA{E
PR AR U], FESRRE IR AL B 6 S p, 3 (R R HE R AR ELAE R B 1
H, Yeog 7 RGP .. BT3GR H R EAEREER K, BTl T FKRE
&, Ko Res SRR E, RENIEE .. X R T KT
KGRI I R B 3% (0 SRR I VT 2 2K T REMR, than=s
) o R T2 AR AE X P O R A B TR A R . (R, R ALY
BT REGWART RECRAEVZ RENZEN, W, eI st a H A
[F] FRFAE . ISR B € SR B IR 4R LU, TG AURTE SR F— B A 15385k



— YT PO AR AL O AR B AR

L, iSRS ARKZEN. HR 2004 F, #EEGYHE 5K Bloch &I [H
FA NG IX — A ER R SO, SEaG Al AR A 4 s ks BLZE SR = AN 5 ) L
IN—AN 585 B — 460 S s G A 1 R A, SR T —H W R A IR
BTN #E 28 = AN 75 ) bl 55 1) — 4 ' A% A T LUSE IR v S5 (o AT R, kI
WASRAH AR IS, &SN TG SEIX .

UGS TG AR — D B TR, ZARTERX PR R G0 W 2 — 4 g%
SR TR S AR TG B VF 2 EOR Pk . — 478 J5 14 FR 2 e i R kL
FAEHAMFEANT7 1) ERHRENAT AAEEATA T IR E ARSI - 5258 B SEIl TG AUk
S BTN FRVEBUA I — 206 d i 55, 3 3 eS8 R~ 2 1) PR A A P AT 7T A 508 A
TEFRZHy RN e y 2 BRI b 200 3 -5 BRI IE SR 21 TG AU 2 8] 1 22748 1 ) B

B, oo SOMFET A3 BIE FAIEIEFIRS £, S5ahRs B LA, B y—E /E . %
TR, T ELS Bl T RIS RIS = mg/ ph? » Horh g & — AT ELA 10
WEE, p NERERE, mRETRE, hRRN T

‘Y<<1‘/\

W12 —%RToAreRI MYFrRTHRE—EETFHRTER.

ME 12 FRTBVE N, Sy <IN, Rk doe T, BE LRIy R
TAT, A BB B A AR A, I VR 2 Z MR TN . AR A
BEREH, 2Tl UGRCEAE &, R Zmal UM BT E. =y > 11,
WATATLLE R, BT 9ok, RIVH 2 TR FIRRIE, R R Er) =
8] 73 LS BURES . U Bt TRt T, B2 A3 T ASRERIN 5 45 A
—frE, STKTHB. Hy>olf, NABOTAEMRTEI T2 AR



/5

ERE R A

A PLE R pan M

l//o(xl,xz,---,xN)oc‘det[(pi(xj)], i,j=1,2,---N (1.2)

LA det R HIAL I 3 4 MU ESERF (Slatter) (TFI R, g, () A A T4 S0 5 14
AAERS o W SRAFAT F1 QR 5T R AIE 2 [A) P AT AN KL (5 3 F] — AN Bk 7ok, [RI
PN T 2 TR R B S SO AR o BT PR, R A A% B L R ) B
JR, G — 53 BT A58 e SO BRI 5 A 3% 7 M ERE AN AE - BITRAAE(1.2) 20
HHE W AR R . U R ER(1.2) U R T —4EsE A AR R 36 5 oA BLAE
PORT R SE AR, BUZS A% BE AT, SXAHR IR, RIE T RS
TE % JBE -2 T DRI R B AU P05 77 THD 5 T AR ELAE P 0 B K7 Uk B AR A
BAR— R UF, BI& 4RI A R, HmE a5 i P
HHCB=§:—h—26—2+iV<xj) (1.3)

r 2m asz. r
R 2 2 i R (1.3) N TR TR R 2R R B w " o TG 1h
LRIt T, 2R pREUN 3 E R T A RRYE T B K 1 2 AR BRI
JEAZ M SRR . BT, BEAZ 3 6 1 0% BRSS9 oK TR R U R S 2435 /2 DA R
KR

y'=dy” (1.4)
T AR SRR, WA SRR, HAARRRIE RN
A(xl---xN):Hsgn(xj—xl) (1.5)

"B LS R BRI 90K 7 2 AR B R B S SO AR T . X4, (1L.4) ARG TS
PR SR T AR B, BE AT AR IR A B 1 BRI ARFAE - AT DL R B A A%
B th 1 I 35 IR AR o (1.4) 0 B9 FF 5 B0 8805 (1.2) 20 P R BCZE X #R A RCR
GEIGIE

PRI, ERE FEREAZ B T SRR A BT, O 7S, JRATTAT PASE K AR
5 A B A A A AR R R 3 SR TR R SRS R L, FHE I - Pk
A2 8 (1.2)3080(1.4) 30 AL B R R K 2 AR S iR B IR, A7 TR R
PRI S R AT AR T AR B O AR SR Bk R . B ARIE S — S B )



— YT PO AR AL O AR B AR

HE.
1.3 TFF. HEERREBILIR

ToFP IR K He P AE ) B 2 e v SR S Y B B AT ST R, X T
THT A BEAE S WF F0 BRI S L 5 DDA 56 (4 s BEAR AN 4% 3 AL F 7 1) o A
fitto Jo R i AR L 25 A4 O SE FE W) P22 5 Anderson £E 1958 SRR Y. 44t
FAERENLROZR R (BT I, B AR IR 3 Boa sh P s 2 LR .
Anderson fSGHR I REREHLE ) RI9REE 2R, (ERE R SIS rhigsh i 7
s MBURIAL RN, XA TC S BN R AL B R B e AP B 22 X Anderson )44 7
W&, Ja AR ZIERRIB I G . ZIERRBAR SR, AMURRT B 11% T
R, T A R AR, e RS T R A BT ST A
P EYIRIAES . A, ARPTERD, A EAR R LS BUR AL RN, EE i H AR 55
I ZEARHE AR ELAE I 20 Mott 28R o T A JR 3l A L R 3 45 09 55 SR S AL B
G ML AERR R AL N H Ry o Jey iAo 5 A0 B AR R 3 300 i Jmy 3 AL B
ZIPIRPHLE] . X Z A 2R M S GE R R Hrlit, G2
TAERIX P SR A A — BT TR I R S A E YBT3t 1<
R, WRTC R E9R, RGN —FHT L G B B

TEARFEWE TEHRE - [ ZAE AR RS B GOR AT T A, BRI A
MMERTIMANTL RIS TR BT sSUAR 2R, & 56T DA Sk i A
JCHBES, MO T IR S A% R 2R R IR TE P I Ah S o FLIRAE G i T TN
PRSI B J 7, — PR E, 53— b Bl o R B A i Rk A B2 LU, U
AT UK P S 2 T8 A LA P 2, AT 2 ) 5 mT LARE AL A AE i, HLEE
AL A SR8 Eh, R, R AR R R A AR, A TR T
K, HRT IR AR BENL AT HORAN—E RIBEHL S . B iR 2IH M A AR
28 S (R A% TR AR T LA AR BEALSS . R I AR TR R R A A R BN
PIAS—4ERRDE AR, JF BTG RAS I BOR LU — DB, BB —MEA
WIS, KRR —DREBONAER LR . AT AR, B THASLERE 2
SRR, AR R AU 2 A OhBEHLI RS . B IR AT iR BL
AERERE, SORDIBENLEI A A . AT TR R G R AE A B RE. T



/5

ERE R A

T FRATRA B 2B R A R S FL 2B sE T, N — T B BB A RN .
1.3.1 ZEHZREEL
— W LERTCT RS, EERMBELIT, FLE% sy 5 e F .
H=Y1él¢,+> &cl¢, (1.6)
fE Esrh el (e ) B i (M PR SAT s o o it sl EARST B BEAL ) A7 ) B
&, Hee[-wi2,wi2]s 1, Fomifl jig M2 BB, 8L — Mk, JT4n
%ﬁZE%E%ﬁﬁﬁ%,H%%:W
ST ), AR R 3 R By AT DA T ORI
v)=Xal) (1.7)
HA ) i T HIE B R AL o MG R FHy R (1.6) KRR, W
WS A 5 AR

Hy =Ey (1.8)
MR _E AL TR ] A5 200 T iR E 2K
Ea, =g, +Zti].aj (1.9)

D BRSO IT R S AR
L LU e e AR N e

BN LR NE I,

w)=2a,(1)]i) (1.10)

55 b THIAN S I R A 2R A0, AT A4S B R A
—m§%Q=QQUH%}WAQ (1.11)
XRE, ARYEL 1) B N T AR ] DL RS ST RS E . AR

SRR, W= OB, FERS A A — N RTAELE, B g (r=0)=1, A T3l
AT @, (1=0) =0 Zeit KIFIMBALIE, AT g (0) 1, % ¢, (1 —>o0)=0,

7



— YT PO AR AL O AR B AR

WA TS i a (1> o)=1, WRTATFRS. ZEFREL, ZTEFR5E

JEw BRI, R G Ry w2 I RIEA .

Bt JE NATZ AR B, 22 PR R A AR AR B2 b Y5 T 20 A 5 i 1) £ 1 - 2K
B, FERRBUN IR T, TR RER I AR PR AE A o2 A BR XA, AT H 3R 45
WILR . TWRIARMNEZEYE, B8R RISA L B 3 I G b i A7 AE D821,
1.3.2 ZERBEBUEBRRFARAEPHIEE I

H M Anderson Tl 5 1 FEF-UK BREULE O S o IR A ISR DK, W03 22541
L — ELORRFE X TC T o) R R T 3G o 2B AR R I R E A A 1 2 1 & P s il
B, Aot B EERUAETRERSG, HRIBGENRKAERT II1¥
BT O L7 B BRI Aol s i TR TR R AR
IR P S AT, DRI A TR 78 TG U5 5 R A TR S AE D SEL AR T T T
WA, R THAE . T2, 2008 4 Billy 1 Roati #§ A 4% F FTLE A SEE6 /N 43 531
M) FH O BRCBRE 35 R A ) S XL E 0 it i #E G AH FLAE B BEC HSEBI 17 5 BE AT #2515 »
M LE R 2 I ZR G b ELE LI 3] 1 W58 1) 22 A R JRy 3 T R 213124

R VA 5 ) TR 17 I B SR AT DO S SRS BRAG 1) — e R R R AL R AT
SCIGHTTT, I H A BT RTRAT AT DL & T REFIRS 2 . Billy PIT{E 1 sEg0 /A
TERFE T XXM A M 7R /R, BT T #8874 ¥ Ro ST I e N T A i e 7
AP RS AR T . ST Billy AN SEIR B, A R TSR A a0 R SRR
BOCHE: (DA FIYERE I RGH T ATESRES Bl s Q)& TR JE 78] 1 AH BLAE FH
FILARAE, SEILRAS R R R TR R % B B {H B T Feshbach JEARMLA; (3)
A LASE A L S B AT K BIG RS T ITE R 5 (4) ) DUl B g T BOR I
BTARRR PR . BARESLE F—4k BEC ¥ B IMHI LT Qg il 52229, {5
F2 A EL I P B P AR AH ELAE PR R o Billy /NMIESS 15 N aeBl 1 224l
FRRIEAL, LR ) (A A F AT DL 28 o At AT S T SBT3 1 T B A
WOCER A IS BEC. WOGE & @ 1L oL i 2 — N8 S R 5 R 2. S25
AT SEAE — A% 1) S VE RO RGOS A B ) % AN R RN 1.7 %100 N )

“Rb J5T BEC, RJA1E =0 ZIRMRMEHIE, W% BEC 0By k. S



/5

ERE R A

AT BAR B R LR ) 2 (8 AR SR AL, Ry B B I Th) (A2 A P B th i B - Ak T
ZAERR RIS . W 1.3 fos, (QNEEHOEH PR BEC, E&HOEHPFHKT
7 18] G2 S A A (R SR RS, KT T DG S8 S T S B 17 ) 550K
2, W TR RS B R GRS BOCHES, M4 250N LS8R (b)
R A B 59 EBF 35 2 5 BEC I HIGE /%, W] LR SIHEOG RO ™ A2 1) 59 8 7 (45
14 B ORI SR (9 BEC A8, T B 7 R T 8UT R (0%t 1 i
N1 55 TR 2 B4 OB TR HH SR ) BEC AE =N AN A I 20 FpRE 7~ B0 P2 A o KX A ETE
TREER AN U R] AT 2 R A L R

a 100

10

Atomic density (atoms pym-1)

B 1.3 —% 5 R 8954854k AR

(a)# A RSB BT 89 BEC; (b)BEC 894 #ihe Bydf; (c) TEIBTZI49 BEC B3R E B9 B.

11 Roati /NIRRT —FAS [R] B 76 B S BT B AR SR oW 31 1 2275 4% R Ak
Pg. mHS Billy NAAF, AATOFFREAL T Stk H R RS LI, AR5k
Hill & th— A —4Ed g R, RJEET S RN — A5 — AR A B fg . XA
[ — AN di s RGeS br & JoAH HAE 0 Harper #5784 50 15 2& Aubry-André FAI7E 5L
6 R ORI . P A B INAE — A B T — N E S S B R, A 1.4(a) s
Horp g FRoR it P AR SRS Re R, 2A R OO SR BOR MU REE Y
KAwHs, ZXAPAE R IV RS SR RS R 502 — TSP I A1 o A AT A A P KR T
BEC # A BT R 1 #E R D f s v o WIERI Z1, BEC # R4 7E — M # Bk, BEC
RN AT DL f I S MR 5 o AR5 R TR A R AR, AE AR H Jo R 9 T W
M BEC B ]9 A0S A2, WK 1.4(0) . ATBARIL, HA/J=0, BIAAAAET
FPiFHIE S fhA% o, BEC W LAY JEBREAS S kg, WA JO R o FE B HE o, AT BL



— YT PO AR AL O AR B AR

RIKL T R+ R, £EFRERK, A/J 270, WEASUEMYHL
BERASTT MR N R AL S &, BUAE 1 2B Rt .

"‘.‘!%

[«)]

«e 8008 INEE

Energy (arb. units)

g @ B9 © @ 8 8 9 EMEEY
,,,,,,,,,,,,,,,,, B
SRl oo i 4 2
. J L .o.oo-oo
0 5 10 8
g=
=

Position, x (um)

time

B 1.4 — it &k A f 49 S A B AL
()% % ERARE XD T EER (b)RFH% BEC £ 44 b 4.
1.3. 3 BR-H B HIEHET
AFTE AN, 15 AR SR BT YR, Bl LR AN WG, e 2 LT AR A8 B
Ao EN T2 PR A A7 3R (Z-3 FIZ-4), 240 E A4 ED BB IR I HAR SR Ak T
CE R AR T A EAE RS, J& Tk, BAEmESEh RN,
ol S AR FHRRKMZFSEE, UREATREEE— T, B AREE

\

(<F
=
~

&k

=
&f

FETARA B R, BREE A R i 2 i A R B e . R IR I SRR ] B
Kapitsa Al Allen fEVZ PRI . BEE, YH5 500 1150 N ME GBI AT 2110 7
JIHXS BT T AR, A4, BRSEE3 mE 2R E T RE: 24 5
TREET, HARECVES: MA-3 FrLiKkT, Rk 8, v R
ETE AR T 5 S ER R B 71201, 503 BRI A2 1996 4R DUR
PE A A,  IX AN AR T T s IR L B SR A i
TPt B Ketterle A F T BAFE R 48 2T 27 e T~ 2005 4F 4 HAEIRZ N 50 nK # °Li 0

I 20 )T e SRR RAE WA T SCHRPSZ BTAE 2000 SE4HH ¥ Rb AU IRIR I B 1<
PR VAR B AR 4T rp O B R g i 29

O BT TURY], R [ AR AR B T D= 2 R . e, T
FE S B 0T RGP B Mott 282041, At i s Al LA 5 SOk 1 (1 Rgid .
Bt AH LA PO HE 98, Mott ZZAHEAC T RIRAH(SE), sig B R 7 BAT B AUH e

10



ERE R A

M 1A, TR NTRAEAEAR T R M0 RGEUEAT T RIS, 2T T T
A LA PRI P T B0R B B 3R IR AR T R S R P o 2746 AR T AR T e
IR RS K, XL RGN — R BT AL GRS, B SCIRESIe T B 25 1 3 € 3
BIAH(BG), 3835 RFIE 0 B B W I R ) e 15034,

s R LA R LA YA B 7 2R 0 25 Pk R T LSt 3 £
BORIRIA,  Hs B ] 5

—JZ b*b +— Z i (7, —1)+ > (1.12)

Lﬁ*@@”ﬁm&%ﬁj&ﬁi%@%&%@ﬁﬁ;@:@@%%Ej%ﬁimﬁ
TSR (j, ) RAMBULAREIRA . R MALRE R =M AR, J KT
B, SRS A2 1 (RS S AL U RAHTLAE B, AR ) A L R T
[FIARTLAE G T Rb R HF AR, U>0): o R BB A2, TTLL

FH LA R 5T 105055 o

Ye =00, (LI2)RAWEABE OB, RGO R U FANSH

RIE. U <IN, RGAETERE, WO TRBERBOEY L, mEHH milm rkE
FIRIE T RGEMKEME T MR, MU > T, REUEREE Mott 6435, Ky
IR HI AR 2 o XA GBI 2 Mott 2825 AH I &1 HH AR A A T 15256 ol
i}ﬂ\u %IJ [34,35] .

c)A>U

disorder
A }l/U

SF

BG

U
B 1.5 L5548 EAE B F 3 &5 64 40 | B0,
Hb g AT, URTHEERR, ARTAFRE
TEAAAEA BAE R 3ERE b, R4k g] AT 2. BI(L.4) 2 B SR

11



— YT PO AR AL O AR B AR

BN, MR R IR S RS B e e[-A/2,A/2]. ASKhR%

fiE TP WIBEE . X T80, BIA<U, Mott 482 X 3238 ds, - H S HI—
NI B BG), WK 1.50) . M A>U K, Mott AL A& K, 5
24T BG H.

1.4 8RR HE

BT UL EAr A RE SNEARAEAL, AR A SO ARG i T 58 sk
TN YRR B AR — R AR BUE R R TR, E i DR XA
Aubry-André(AA) B Y 9 9], 4 S 48 B R BB AR 48 B TS H I 3 K 2R G R IR 0
Bose-Fermi WSS, LLAAH R Z B & (0 BAR T ROE: AR BRATRAR T
ST RO R BN N AR B, MR E S TP EEA AR EE =
o, FATIN 2 R TR R T AR 5 R R I 7T B AR A
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